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APPLICATION OF EUCLIDEAN ALGORITHM TO SET THE CIPHER
UNG DUNG CUA THUAT TOAN EUCLID BE DAT MAT MA

Nguyén Viin Binh, Nguyén Hitu Thanh, Pham Man Minh,
Ngo Thi Thu Ba, Vo Thi Thanh Giang
Truong Pai hoc Su pham - Pai hoc Da Ne:mg

ABSTRACT: Arithmetic is one of the oldest fields of mathematics. However, today
arithmetic still has very topical applications such as applications in information security. In this
paper, we apply the Euclid algorithm and continued fractions to extend the results of [2] and [3] in

setting encryption for some specific situations.
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TOM TAT: S6 hoc I mét trong nhitng linh viee ¢6 xiea nhat cia toan hoc. Tuy nhién, ngay
nay so hoc van co nhitng ving dung rat thoi sy nhie trng dung trong viéc bao mdt thong tin. Trong bai
bao nay, chung toi irng dung thudt toan Euclidva lién phan so dé mo rong cac két qua cia [2] va [3]

trong vi¢c ddat mdt ma cho mot sé tinh hué'ng cu thé.

Tirkhéa: Thudt todn Euclid, lién phdn sé, mdt ma.

1. GIGI THIEU

Dugc xem 1a moét trong nhing
thuat toan ¢ xua nhat ma nhan loai biét
dén, thuat toan Euclid lan dau tién xuat
hién mot cach tuong minh trong cudn
“Euclid’s Elements” vao khoang nam 300
trude Cong nguyén. Ban dau, Euclid tiép
can bai toan nay dudi goc do hinh hoc,
cu thé la viéc tim ra mot wde s6 chung
cho do dai ciia hai doan thang. Thuat
toan clia ong giai quyét van dé mot cach

khéo 1éo thong qua vice lap di lap lai

phép trit doan dai hon cho doan ngan hon.

Tuy nhién, ¢6 1é thuat toan nay khong
hoan toan la “phat minh” cia Euclid, ma
rat c6 thé da duge biét dén tit trude do
khoang hai thé ky. Tham chi, ngudi ta con
ghi nhan sy hiéu biét vé thuat toan nay
béi Eudoxus of Cnidus (khoang nam 375

truée Cong nguyen) va Aristotle (khoang
nam 330 truée Cong nguyén).

Thuat toan Euclid va lien phan s6 1a
hai khai niém va ciing la hai cong cu quan
trong trong nghién citu vé s6 hoc (xem
[1],[4]). Trong toan hoc, thi s6 hoc 1a mot
trong nhing linh vuc c¢6 xua nhat. Tuy
nhién, cho t6i ngay nay linh vuc nay van
ton tai nhiéu bai toan va gid thuyét chua
c6 161 giai. Hon nita, s6 hoc khong chi 13
linh vige 1i thuyét thuan tuy trong toan
hoc ma cuing véi sy phat trién ciia khoa
hoc va cong nghé, s6 hoc van c6 nhiéu
ing dung rat thoi sy, dic biet 1a trong
linh vuc bao mat thong tin. Trong cac
tai lieu tham khao [2] va [3], cac tac gid
da giéi thieu mot s6 ki thuat dat mat
ma. Bai bao nay, chung toi stt dung thuat
toan Euclid va lien phan s6 dé md rong
cac két qua trong cac tai lieu do deé dat
mot s6 mat ma cu thé.
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2. MOT SO KIEN THUC
CHUAN BI

Trong muc nay, ching toi sé nhic lai mot
s6 khai niem va két qua dé chuan bi cho

viéc trinh bay cac két qua chinh & muc
sail.

2.1. Thudat toan Euclid

2.1.1. Thuat toan chia

Cho a € Z,b € Z-y. Khi d6 ton tai
duy nhat c@p sé nguyén (¢,r) sao cho
a=0q+r1r0<r <b Khido, g duge goi
13 thuong s6 trong phép chia a cho b va
r dude goi 1a phan du clia phép chia do.

No6i dung thuat toan Euclid:
Choro=a € Z, r .=b € Zsg ta ap
dung lién tiép thuat toan chia:

Tj = Tj41qj4+1 + Tj42 VO Qjp1,7j41 € Z
ma 0 < rjpo < rjpq vl g = 0,1,... va
nhan duge diy gidm ngit cac sd tur nhicén
r1 > ry >... dén khi lan dau tién nhan
duge phan dur, =0 (2<n € 7).

Khi dé thuat toan khang dinh ring
USCLN(a,b) = r,_; (phan du khac 0
cudi cling cia phép chia).

Vi du 2.1

Mudn tim USCLN ctia hai s6 867 va 697
thi cac bude thuat toan sé nhu sau:

STT Cﬁaj T‘j Tj—i-l Qj+1 Tj+2 = Tj mod T’j+1 USCLN Cfla, (a7 b)
0 867 | 697 1 170
1 697 | 170 4 17
2 170 | 17 10 0
3 17 0 17
Thuat toan duge dién td & dang biéu do sau:
Nhap a, b
14 hai s6
nguyen duong
ri=aq mod b
Sal Diing d :/: a
Xuat d

Hinh 1: Thuat toan Euclid dé tim udc s6 chung 16n nhat ctia hai s6

nguyén duong a va b.



2.2. Lién phan sb6
2.2.1. Lién phdan s6 hitu han

Dinh nghia 1. Lién phan s6 hitu han
cap n la biéu thic c6 dang:

N 1
a
0 . 1
a
1 L 1
a
2 ' 1
._+_
G,
Trong d6 a9y € Z,ay,...,a, €

Li~g, G1, A2,y - . ., Ap, dUdc goi la cac thuong
hut hay don gidn 1a cac thuong. S6 nguyén
a; duge goi la thuong hut tht i, i =
1,2,...,n.

Ki hieu lien phan s6 hitu han la
[ag: ay, ..., ap).
2.2.2. Lién phdn s6 vo han

Dinh nghia 2. Lién phan s6 vo han 13
biéu thiic c6 dang:

N 1
a
0 . 1
a
1 . 1
a
2 | 1
_|_—
an_|_
Trong d6 ay € Z,aq,...,a, €

Lo, 1,02, ..., 4, , duge goi la cac
thuong hut hay don gian la cac thuong.
S6 nguyén a; dude goi la thuong hut thi
Qi=1,2,....n,. ..

Ki hiéu lien phan s6 vo han la
lag: a1, ... an,...].
Dinh nghia 3. Mot lien phan s6 vo

han [ag: ai, ..., an,,...] dude goi la tuan
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hoan néu ton tai cac s6 N, k € N sao cho
Qp = Qpyp V6 moin > N € N.

Ki hiéu
[aol ai, s, e CLN_1~, CLN,,CLN_H, Ce ,aN+k_1.]

2.2.3 Biéu dien so hwu ti thanh

lién phan sé

Ta biét duge moi s hitu ti déu bidu
dién duge dudi dang % v6ia,b e Z,b # 0,

nén phan s6 c6 thé chuyén thanh mot
lien phan s6 khi thite hién cac buée sau:
Budc 1: Chia lay phan nguyén

Chia a cho b dé 1ay phan nguyén ¢q va

phan du rg : o = L%J . To = a — qob.
L. To
Khi do: - = —.
a0 b G+ b ,
Budc 2: Nghich dio phan phan s6 ?O.
1
Khi do: - = -
To _0
b
Budce 3: Lap lai qua trinh dén khi r,, = 0.
Vi du: Hay biéu dién s6 hitu ti %
thanh lién phan s6.
867 10 1 1
—=14+4—=14—==1 .
6o Ta Ta T T
10 10
867 1 867
Vay b — 14— hay — —
W g7 — 1+ 1 hav g =
10
4,10].

Doc ki ta thay duge nhiéu diém tuong
dong gitta phuong phap tim lién phan so6
va thuat toan Euclid.

Dé thay sy trung nhau gitta lien phan
0 [1:4,10] va cot gj41 cia Vi du 2.1
trong thuat toan Euclid cho hai s6 867
va 697.

2.2.4 So do khéi biéu dién thudt
todn Euclid thanh lién phan sé
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Nhap a, b
13 hai s6
nguyén duong

Xuat a, = k;
n:=n+1

k= [a/b] /
r=a— kb Sai bDung
a:=5>b
b :=r
Hinh 2: Thuat todn Euclid tim lien phan sé clia s6 hitu ti %

Nhap x
1& s6 thuc

ag = [zl;
ri= T — ap,
n =0
| Xuat a,;
L n:=n+1
= [1/r]; Sai Ding
ro=1/r—a,

Hinh 3: Thuat toan Euclid tim lién phan sb ctia s6 thuce .

3. DAT VAN DE ra nhu sau: Cho hai s6 nguyén duong R,

Bai toan xap xi s6 hitu ti duge diit S, hay tim hai s6 nguyéen duong p, g sao



cho thoa man cac dieu kién sau:

(i) 0 < p,g < L (L la mot s6 nguyéen
duong cho truge);

1 .
<3 (tic la hai phan so

(i)

va

»QI'B—Q =
Wl ol w

gan bang nhau).

Van dé dat ra d6i v6i bai toan xap xi
s6 hitu ti 14 phan s6 xap xi L phan
q

sO — ncu ton tai thi phai la duy nhat.

S
B6 dé sau day duge P. Wang [3] chiing

/S
minh trong truong hgp L = 7

B6 dé 3. Cho trudc hai sé nguyéen duong
R, S. Khi d6, néu ton tai hai s6 nguyeén
duong p, ¢ thoa man cac diéu kien (i) va

/S )
(ii) trong truong hop L = 5 thi hai so
d6 1a duy nhat.

Chaitng minh. That vay, gia st ton tai 2
161 giai (p1,q1) va (p2, q2) thdéa man (i) va

(ii).

Ta c6:
PL_pa| [P E‘
q1 q2 q1 S
R 1 1 2
+ p2 It <Z4-==
n S1°sTST 3
o |22 = P < 2
70192 S
2q192 2L
= — < <=
IP1G2 — 2| < 5 3

/S
Xét truong hgp L = 2 ta co

P12 — p2qui| < 1.
Lai ¢6 |p1g2 — p2q1| € N nén ta suy ra

P Do
p1g2 — p2g1 = 0 hay — = —
q1 q2

Suy ra (p1,q1) 1a duy nhat. O
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4. UNG DUNG XAP Xi sO HOU
Ti DE DAT MAT MA

Doi vdi bai todn md dau cia Nguyén
Hing Son [2], mot bai d6 nho mang tinh
thue té, duge chiing toi md rong va thay
doi nhu sau:

Cho mot day s6 gom 2n chi sb

abcdef... v6in € Zg. Ta ding mot chiéc
———

2n chit sb

may tinh x4ch tay don gidn (gom 4 phép
tinh+, —, x, =+ va 10 chit s6) dé tinh ti s6
n chit s6 dau chia cho n chit s6 sau. Ta
nhan duge két qua gan dang 1a mot so6
thap phan x gom it nhat 2n chit s6 va
ghi nhd lai trén mot to gidy.

Lam thé nao dé tim lai dugc day s6
trong thoi gian ngan nhat néu chi c6 chiée
may tinh xach tay don gidn va day so 1a
gi?

D6i véi bai toan nay thi c6 thé kiém
tra bing cach kiém tra tat ca cic phan
s6 dang n chit s6 dau chia cho n chit s6
sau cho dén khi tim dugc phan s6 c6 gia
tri nhu yéu cau. Tuy nhién phuong phap
nay khong hiéu qua va mat nhiéu thoi
gian va phuong phap hiéu quéa hon chinh
la khai trién s6 thap phan x thanh dang
lien phan s6 x = [ag: ay, ag,...] va bién
n6 trd thanh phan sé.

4.1. Dinh li tong quat v4i mat ma
la day 2n chit 86, day (n + m) chit sb

Dinh 1i 4. Cho R, S, p, q 1a cac s6 tu
nhién c6 n chit sé sao cho cac phan sb g

va £ khi déi sang so thap phan thi giong
q

nhau it nhat dén chit s6 thit 2n. Khi do,

R _p

Eq'
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Chiing minh. Ta co:

R
‘7—9 . —‘ —0,000000. .. ... = 0,
q S \H,_/
2n chit s6 0
... 107" <1072 (véiag = 1,2,...,9)
p R —2n
-l <10
‘q 5‘

& |pS — Rq| < ¢S - 107" < 10*"
107" =1 (do ¢, S c6 n chit sd ).
=0<[pS—Rq| <1.
VipS—RqgeN=pS—Rqg=0=
P O

R
pS—Rq:>§

D6i v6i mot day s6 gom n + m chit
s6 abedef... v6in,m € Zy. Thoéa man

——

n+m chit s6
bai toan mé rong ban dau va tinh ti sd
n chit s6 dau chia cho m chit s6 sau. Ta
nhan duge két qua gan ding 1a mot s
thap phan x gom it nhat n + m chit s6

(v6i m < n) hodc it nhat 2m chit s6.

Dinh 1i 5 v6i s6 thap phan c6 it nhat
n +m chit $6 (v6i m < n) va Dinh 1i 6
v6i 86 thap phan c6 it nhat 2m chit s6
duge ching minh nhu sau:

Dinh 1i 5. Cho R,p la cac s6 tu nhién
c6 n chit s6 va S, ¢ 1a cac s6 tu nhién co
m chit s6 sao cho céc phan sb g Vi g khi
doi sang s6 thap phan thi giong nhau it
nhat dén chit s6 thit (n+m) (véi m < n).

R

Khi do, —
i O,S

_P
q

Chiing minh. Ta co:

0,

¢ S

‘p R‘ — 0, 000000 .. ...
q S————

n+m chit s6 0
oy ... 1070 < 1= mEn),
(v6iag =1,2,...,9)

p R —(m+n)
= < 10
d

q
& |pS — Rq| < ¢S -107Mm+) < 10™
-10™ - 107 (M) = 1gm

(do ¢, S c6 m chit s6).

Theo gia thiét m < n, nén

™" <1
& |pS—Rq| <1
=0<|pS—Rq| <1.

VipS—RqgeN=pS—Rq=0=pS =
R p 0

Rq:>§

Dinh 1i 6. Cho R,p 1a cac s6 tu nhién

c6 n chit s6 va S, ¢ 1a cac so tu nhién c6

m chit s6 sao cho cac phan so 3 va £ khi
q
doi sang s6 thap phan thi giéong nhau it

nhat dén chit s6 thi 2m. Khi do, 5= p
q

Ching minh. Ta co:

R
’p ‘ = 0,000000... ;...
—

¢ S

0,
2m chit s6 0
... 107%™ < 107%™ (véi ap = 1,2,...,9)
R
= ‘j—g — —‘ < 107%™
q S

& |pS — Rq| < ¢S - 107" < 10°™
107" =1 (do ¢, S ¢6 m chit s6 ) .
=0<[pS—Rq| <1



VipS—RgeN=pS—Rqg=0=

pS = Rq= i _ O
S oq

Mot s6 truong hop riéng ctia bai
toan tong quat
4.2. Dat mat ma la day sbé cé bon
chit s6
Vi du 4.2.1 Ban An vi muén mugn dién
thoai ctia me dé choi game nén da xin
phép nhung me mudn dé An néu mdé duge
mat khau dién thoai véi gdi ¥ me dua ra
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la day s6 = = 0.32432 va mat khau la s6
¢6 bon chit s6 thi sé dugce choi game thoa
thich. Hay gitip An mé duge mat khau
dién thoai (z théa Dinh 1i 4 v6i n=2).
Giai.

22 2 ~ £ X N N 17 ab
Gia su day so can tim 1a abed = — SE
c

Sau dau phay 5 chit s6 thap phan z =
0.32432.
Ap dung thuat toan hinh 3, ta co:

ag = 0 o = 0.32432 Ty = 0
1
ap=3 | r1=0.24324 | x1 = 3
1 11
=11 =0.99414 | *2 = ~ a4
CLQ 7’2 3_|_ i 34
11
1 12
x3 - -—— — —
1
a5 =1 | ry = 0.00589 34— O
11+ 1

= Hién 2 day s6 dé thit la: 1134 va
1237.

— Da tim duogc [1237].

}.3. Dat mat ma la day sb6 c6 ndim
chit sb

Trudng hgp 1: Hai chit s6 trén ba
chit sb6

Vi du 7. Binh vi di hoc mudn nén da
danh roi vé xe v6i do dai 1a s6 ¢6 nam
chit s6, dam ban ctia Binh da nhat ducc
va muon danh dé Binh néi rang “ching

toi lay hai chit s6 dau chia cho ba chit s6
sau thi nhan duge xap xi z = 0.1037463,
néu tim dudc s6 do6 thi sé tra lai vé xe”.
Hay gitp Binh tim duge s6 d6 (z thoa
Dinh i 6 v6i n=2 va m=3).

Gidi. Gia st day s6 can tim la

abede = a:b ~ .
cde

Sau dau phay 7 chit s6 thap phan
r = 0.1037463.

Ap dung thuat toan hinh 3, ta c6:

CZOZO

ro = 0.1037463

CL1=9

r1 = 0.6388979

r =

Ol @
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1 1
ay =17, =05651953 | >~ T 10
1
1 2
T3 — = —
a5 =1 | 15 = 0.7692999 gL+ 19
14+1
1
1 3
Ty = = —
1 19
ay =1 | ry = 0.2098831 9+ I
1+ —
L+ 7
1 11
Ty — = —
1 106
as =3 | rs = 0.3346327 1+ :
1+ —7
1+ 3
1 25
T — =
1 241
9+ : |
ag =2 | rg = 0.9883511 - I
1+ :
1+ —
I
3+ 5
1 36
T7 = = —
1 347
9+ :
ar =17 =0.0117861 1+ :
1+ :
34+ —7
24+ 1
= Hién 3 day s6 dé thit la: 11106; m=2)
25241 va 36347 Gidi.
= Da tim duoc [36347]. _ Gia st day s6 can tim la abede =
Trudng hgp 2: Ba chit sb6 trén c;:bc S
e

hai chit s

Vi du 8. Tuong tu Vi du 7 véi z =
9.638888 nhung thay ddi ba chit sé trén
hai chit s6. (z thoa Dinh 1i 5 véi n=3 va

10

Sau dau phay 6 chit s6 thap phan
x = 9.638888.
Ap dung thuat toan hinh 3, ta co:
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ag=9 | ro = 0.638888 | o =9
a; =1 | r = 0.565219 x1=9+%:10
gy L _ 19
ap=1|r=0769225 |~ " T2
1
1 29
as =1 | 3 = 0.300009 1+ —
14~
1
1 106
as =3 | ry = 0.333233 1+ 1
1+—7
1+3
94 1 347
Ty = -
I
1+ - 36
as = 3 | 5 = 0.000903 L+ 1
14—
I
343

= Hien 2 day s6 dé thit 1a: 10611 va
34736.

= Da tim duoc [34736].

4.4. Pdt mat ma la day sé co sdu
chi sb

Vi du 9. Ngan hang giii mat khau thé
tin dung v6i s6 c6 sau chit s6 cho mot co
ty phi, co sg lot vao tay ké gian nén lay
ba chit s6 dau chia cho ba chit s6 sau va
nhan duge két qua 1a sé thap phan xap

xi z = 0.9429928 va ghi vao s6 ghi chi.

Sau d6 co bi quén, dé rat tien thi co phai
tim ra mat khau hay gitp co ay tim ra
mat khau (z thoa Dinh i 4 v6i n=3).

Gidi.

Gia st day s6 can tim 1a abedef =
abe
def

Sau dau phay 7 chit s6 thap phan
r = 0.9429928.

Ap dung thuat toan hinh 3, ta c6:

~ I.

ag=0 | 1rg=0.9429928 | 2o =0
1
ar =1 | ry =0.0604534 | *1 = 1
L 16
as =16 | ro = 0.5416668 | *2 = T~ 17
1+ 16

11
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11T
T3 = 1 = ]__8
az=1 | rs=0.8461533 1+ I
16 + —
1
. 1 33
4 — 1 = —
B B 14 35
ay = 1 ry = 0.1818189
16 + —T
1 —
+ 1
1 182
1‘5 == = —
1
14 : 139
as; =95 | r; =0.4999782 16 + i
1+ ——
1
1 —
* 5
1 397
aj6 = = —
1
1 : 421
16
as =2 | r¢ = 0.000087 * 14 1
1
1+ —
5 —
+ 2

= Hien 2 day s6 dé thit 1a: 182139 va
397421

= Da tim dugc |397421 |
4.5. Ddt mat ma la day sd cé bay

chit sb

Truong hop 1: Ba chit sé trén

bén chit s6

Vi du 10. Ban Trung di mua nude ubng
v6i ménh gia 5000 d cho 1 chai nuée
nhung cam nham to tien ky niéem ma me
tang dé thanh toan. Mot lic sau chot
nhan ra thi Trung gip lai co chii quan dé
doi lai to tién ay nhung né da lan lon vao
trong xap tién 5000 ctia co6 chi quan va

chi ¢6 ¢o biét t nao, co chit quan dam mé

12

toan hoc va biét rang Trung ciing thich
toan cho nén co6 da cho Trung dit kién to
tien gidy c¢6 7 chit s6, r = 0.026932340
(co 1ay 3 chit s6 dau chia cho 4 chi s6
sau). Néu Trung tim duge day so seri clia
to tien thi co tang lai to 5000 d ki niém
do6 cho Trung. Hay gitp Trung tim lai s6
seri clia to tien d6. (x théa Dinh 1f 6 v6i
n=3 va m=4)

Giai.

Gia st day s6 can tim 1a abedefg =

abe

defg

Sau dau phay 9 chit s6 thap phan
x = 0.026932340.

~
~
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g = 0 g = 0.026932340 Ty = 0
1
ap = 37 | 1 = 0.130082272 | 1 = 37
1 7
ay =T | ry=0.687442605 | "2~ 57T~ 260
7
1 8
T3 —
as =1 | r3 = 0.454666895 37+ —— 2
T+ =
1
23
" 37+ ! -8
ag =2 | ry=0.199412385 1
7+ —T
145
1 123
1'5 — —=
1
37 4+ . 4567
as =5 | r5; =0.014733663 7+ 1
I+ —7
2+ &
Da tim duge: | 1234567 |. Gidi.
Trudng hop 2: Bén chit s trén Gia st day s6 can tim 1a abedefg =
ba chit s6 abed
Vi du 11. Tuong ty Vidu 10 véiz = oy

37.1300813 nhung thay do6i bén chit s6
trén ba chit 86. (z thoa Dinh 1i 5 véi n=4

Sau dau phay 8 chit s6 thap phan
x = 37.13008130.
Ap dung thuat toan hinh 3, ta cé:

va m=3).
ap = 37 | 7o = 0.13008130 | xo = 37
1 260
ay =7 | r =0.68750004 | 1 = 37+ - =
297
ag =1 | 1o =0.45454536 | v9 = 374+ ——= = =
743
854
as =2 | r3 =0.20000045 | x3 = 37 + =53
T+ —
1+ =
* 2

13
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1 3713
_ _ 7+
as =4 | rg=0.99998875 14 1
1
2+ 1
1 4567
7+ 1
as; =1 | r5 =0.00001125 1+ 1
24+ —
4+ 7

= Hién 2 day s6 dé thtt 1a: 3713100
va 4567123.

Da tim duoc: .
5. KET LUAN

Trong bai bao nay, ching toi da
trinh bay viéc md rong tng dung cua
thuat toan Euclid va lien phan s6 dé xay
dung, phan tich va khoi phuc cac dang
mat ma trong nhitng tinh huéng cu thé,
dua trén § tudng ban dau trong [2] va [3].
Céc dinh 1§ dugc tong quéat hoa nhim bao
quat nhiéu truong hgp véi sé lugng chit
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