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TOM TAT

Vat liéu c6 co tinh bién thién (Functionally Graded Materials - FGM) 13 loai vat liéu khéng déng nhat, dang
hwéng co tinh chét co hoc thay dbi tron, lién tuc theo chidu day cia tAm. Bai bao st dung ly thuyét bién dang cat
bac cao don gian (Simple higher Order Shear Deformation Theory - S-HSDT) dé phan tich tinh va dao déng riéng
cla tAm bang vat liéu c6 co tinh bién thién. M6 dun dan hoi kéo (nén) clia vat liéu dwoc gia thiét bién thién theo qui
luat ham mdi, hé sb Poisson |1a hang sb theo toa do chiéu day. Hé phwong trinh can béng déng cla tAm duwoc xac
dinh theo nguyén ly Hamilton. Anh hwéng ctia chi sé i 1& thé tich, cac tham sé kich thuéc tAm dén d6 véng, rng suét
va tan sb dao dong rieng duwoc khdo sat. Két quéa sd duwoc so sanh véi két qua cla cac tac gid da cong bd nham
kiém chirng md hinh tinh ma bai bao da xay dwng.

T khoa: Dao dong riéng, ly thuyét bién dang cét, phan tich tinh, tAm cé co tinh bién thién.

Static and Vibration Analysis of Functionally Graded Plates
Using The Simple Higher Order Shear Deformation Theory (S-HSDT)

ABSTRACT

This paper used the simple higher order shear deformation theory (S-HSDT) to analyse the static and free
vibration of simply supported (diaphragm), elastic functionally graded (FG), rectangular, plates. Functionally graded
materials (FGMs), although heterogeneous are idealized as continua with their mechanical properties changing
smoothly with respect to the spatial coordinates. Poisson’s ratio is assumed to be constant, but their Young’s moduli
and densities vary continuously in the thickness direction according to the volume fraction of constituents, which
is mathematically modelled as power law function. The equations of motion are obtained using Hamilton’s principle
employing S-HSDT. Navier’'s solution is used to solve the equations of motion. The effect of variation of material
properties in terms of gradation index, the effects of aspect ratios, thickness-to-side ratio on the bending, the
stresses and the natural frequencies of FG plates are studied in this article. The numerical results are also compared
with results available in the literature to validate theoretical model of the paper.

Keywords: Static analysis, vibration analysis, power-law functionally graded plate, shear deformation plate
theory.

9% A dich st dung. Cac tinh ch4t ctia vat liéu ¢6 co tinh
1. MO PAU A ea oo LA ul A
bién thién bién d6i tron tu bé méit nay sang bé

Vat lidu c6 co tinh bién thién 14 hén hop cua mat khac nén tranh dudc su tap trung tng suit
hai vat liéu thanh phéan véi ti 1&é nhét dinh dé dat  thudng gip 6 cic két cAu bang vat liéu composite

duge mot chiic ning mong mudn tiy theo muc  16p. Két cAu bang vat liéu cé co tinh bién thién
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Phan tich tinh va dao dong riéng tAm béng vat liéu cé co tinh bién thién (FGM) theo ly thuyét bién dang cét bac cao

don gian

duge ting dung rong rai trong nhiéu linh vyec: co
khi, xdy dung dan dung, hang khong, cong nghiép
hat nhén, 6 t6,.. D& tinh toan va thiét k& cac loai
két cau tdm va vo lam bang vat lidu c6 co tinh
bién thién, nhiéu mé hinh tinh toan da duge dé
xudt va phat trién. Cac ly thuyét nay cé thé chia
lam ba nhém chinh: 1y thuyét td&m c6 dién (CPT),
1y thuyét taAm bac nhat (FSDT) va ly thuyét tAm
bac cao (HSDT).

Ly thuyét tdm c6 dién bd qua anh hudng
ctia bién dang cit ngang va cho két qua phit hgp
véi t&m mong theo Javaheri va Eslami (2002),
Zhang va Zhou (2008), Mohammadi et al.
(2010), Bodaghi va Saidi (2011). V6i tdm c6 do
day trung binh 1y thuyét nay cho két qua vé do
vong thap hon, nhung luc t6i han vé én dinh va
tan s6 dao dong riéng cao hon. Ly thuyét tdm
bac nhédt ké dén anh hudng ctia bién dang cit
ngang nhung cin phai st dung hé s8 hiéu chinh
cit dé thoa man diéu kién tng sudt cit ngang
bing khéng tai mét trén va dudi ctia tdm theo
Della Croce and Venini (2004), Ganapathi et al.
(2006), Zhao va Liew (2009), Lee et al. (2010),
Hosseini-Hashemi et al. (2010), Hosseini-
Hashemi et al. (2011). Viéc xac dinh hé s6 hiéu
chinh cit mot cach chinh xac 1a khé khan, do
vay cac 1y thuyét bién dang cit bac cao da dugce
dé xudt trén co s6 cac gia thiét trudng chuyén vi
mang bién thién bac hai, bac ba, bac cao theo
chiéu day. Trong s6 cac ly thuyét t&m bac cao, 1y
thuyét tdm bac cao véi nam &n s6 chuyén vi
dudc biét dén véi tén goi: Iy thuyét Reddy theo
Reddy (2000), 1y thuyét bién dang cit dang ham
sin theo Zenkour (2005a, 2005b, 2006), 1y thuyét
bién dang cAt dang ham hyperbol theo
Benyoucef et al. (2010), Atmane et al. (2010), 1y
thuyét bién dang cit dang ham e-mii theo
Karama et al. (2003), Mantari et al. (2012). M6t
s0 1y thuyét bién dang cat bac cao doi hoi khoi
lugng tinh toan 16n véi 9 &4n chuyén vi theo
Pradyumna va Bandyopadhyay (2008), Neves et
al. (2012a, 2012b, 2012c), v6i 11 &n chuyén vi
theo Reddy (2011) hay 13 4n chuyén vi theo
Taha et al., (2010).

Muc dich ctia bai bao 1a xay dung ly thuyét
t4&m bac cao don gian (S-HSDT) cho t4m bing vat
liéu ¢6 co tinh bién thién véi bén &n s6 chuyén vi
va théa man diéu kién ting suit cit ngang bang
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khoéng tai mit trén va dudi cha tdm. Truong
chuyén vi duge gia thiét 1a hang s6 d6i véi d6 vong
va 1a ham bac ba véi cac chuyén vi mang. Do vong
dugc chia lam hai thanh phan: uén va cit do vay
lam giam s§ &n chuyén vi ciing nhu s phuong
trinh chuyén dong cin thiét va c6 thé si dung
trong tinh todn mot cach don gian hon.

9. C0 SO LY THUYET

2.1. Vat liéu c6 co tinh bi€n thién

D61 véi vat liéu c6 co tinh bién thién, hai
thanh phan tao thanh tit su két hgp ctia kim
loai va ceramic, ty 1& thé tich ctia cac thanh
phan vat liéu dudc gia thiét bién d6i theo qui
luat xac dinh. Qui luat phin b6 cua ham ti 1é
thé tich 1a co sé dé phan loai vat liéu FGM.
Phan 16n cac nha nghién ctiu st dung ham liy
thita, ham e - m@ hodc ham Sigmoid dé mé ta
bién thién ctia ham ti 1é thé tich. Ham ti 1é thé
tich dang ham liiy thia viét duéi dang sau:

p R
g(z)= (%4.%) v6i p 1a chi s6 ti 1é thé tich (1)

Trong bai bao nay hé sd Poisson vV dudc gia
thiét 1a hing s6, mé dun dan héi E va khéi
lugng riéng P cua vat lidu FGM dugc gia thiét
bién thién theo quy luat ham liy thia va cé
dang sau (Reddy, 2000):

1 zV\
E(Z):Em'f'(EC—Em).(E'FZJ (2)

1z 3
p(Z):pm+(pc_pm)'£E+Zj 3

Bé mat giau Ceramic
S
Z

E=E@), u=p(z) | 1"

hiz

\_ B& mat giau kim loai

Hinh 1. M6 hinh két cau tam
lam tit vat ligu FGM
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2.2. Ly thuyét bién dang cit bac cao don
gian Reddy
2.2.1. Cac gia thiét

Theo Reddy trudng chuyén vi bac cao khong
day du dugc gia thiét nhu sau (Reddy JN.,
2000):

u(x, y,2) =uy(x,y)+20,(x,») +zzu; (x,») +z391 (x,y)
WX, ,2) =V, (X, 1) +20, (x, 1) + 2, (x,y)+ 239; x,y) @)
w(x,y,2) = Wy(x,)

Trong d6: u, v, w, la cic thanh phan
chuyén vi ciia diém bat ky c6 toa do (x,y) trén
mat trung binh.

u,, v, 0., 6 14 cac s6 hang bac cao trong
khai trién Taylor ham chuyén vi theo toa do
chiéu day.

Céc thanh phan bién dang cit ngang xéc
dinh tit quan hé chuyén vi - bién dang:

x,=a—u+a—W=9x+22u;+32291+%
T 0z Ox T Ox 5)
=@+8—W=9v+22v;+32291+%

oz oy Y

V6i t&m chiu uén bdi tai trong vudng goc véi
mit trung binh, Gng suét cit ngang tai mat trén
va duéi ciia t&m bang khéng, dan téi:

Ve (XY, £D/2) =y, (x,y, +h/2) = 0;

ti d6 ta co: u,* =v, *=0 (6)

Tu (4), (5), (6) ta tinh dugc:

u=u, +z{9x —g(gj 4&}":"0 +z{9y —%‘(ij d)}}vxﬁw0 @)

ow,

ay)

(Véi: ¢, :ex+% va ¢, =6, +

Trong d6: 6,, 0, 1a goc xoay cua phap tuyén
quanh truc y, x tuong @ng.

0 ¢, 1a géc vdn xodn ctia phap tuyén
quanh truc y, x tuong @ng.

2.2.1. Biéu thiic chuyén vi

V6i quan niém géc xoay 0, 0, 12 do momen
udn gay ra, géc vin xoin ¢,, ¢, 1a do anh hudng
cta luc cit, trudng chuyén vi duge gia thiét nhu
sau (Thai et al., 2010):

ow, 47° aw
- _ % 8
e v Ta
V(X $,2) = vy (%, )~ 2 %—%% ©)
w(x,y,2) =W, (x,y)+w(x,) (10)

Trong d6: u, Vv, W, la cac thanh phan
chuyén vi cia diém trén mat trung binh theo
cac phuong x, vy, z

w,, W, 1a d6 vong do momen uén va do luc

cit gay ra.

2.2.2. Cac thanh phan bién dang

Truong bién dang dugc suy ra ti truong
chuyén vi bang cach st dung quan hé chuyén vi
- bién dang:

ay, Ow, 42 Fw, o, Ow, 420w,

o _OW %2 0%, o K O ¥ IW g
AT X W Y a ey wa OV
2 3 A2

(12)

4z \ow, 47" \ow,
VeS| lmm o Ve = o
30 ) ox 307 ) oy

2.2.3. Quan hé iing sut - bién dang

Quan hé tuyén tinh gitia ting suat - bién
dang cta t&m FGM déng huéng véi mé dun dan
héi E bién thién dang ham mit theo chiéu day
tdm & trang thai ting sudt khéi c6 thé duge viét
dudi dang sau:

ol [On G 0 0 0]|&
Oy Op O 0 0 0 |¢
o= 0 0 Oy 0 0 |q7ep @13
o 0 0 0 O 0]y
c 00 0 0 Ou]ly,

Xy L

Cac thanh phan trong ma tran dé cting [Q]

g trén dudc xac dinh bai:
E( ) _0.: 0 :v(z)E(z)
1-v¥(z) =2 =7 1-v¥(z)

_E(5) _,
(1+V( )) QSS Q66

Q]] = Q21 ;

Q44 =
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don gian

2.2.3. Cac thanh phan néi luc

Cac thanh phan noi luc trong tAm dudc xac

dinh béi cac biéu thiic sau:

N, wa Lo M g o . E:leu dlendcac tlllgnhf;han ndi 210 (14)htheo/
’ chuyén vi ta dudc , , trong do, cac hé so
Ny = J. o, dZ, Mb: :I . ZdZ; Yy L 2 ( ) ( ) - g =
J » A, B;, D, F., G;, H; xem chi tiét phu luc.
—h/2 b h 1 1) ) ) ) 1) . .
Ny, Ty My 50,
M i (g 2.3. Phuong trinh chuyén dong theo cac
M= j G:vy 4;,223 Iz: thanh phan chuyén vi
M % o, Dua theo nguyén ly Hamilton ta c6 hé
) (14) phuong trinh (17) sau:
h
2 2
4z
Qyz = I[l— e chzdz;
h
2
Qg
ox
Wy
oy
- _| Ou, 0Ov,
N, Ay Ay 0 By By 0 By By 0\t
Ny AIZ All 0 BIZ Bll 0 F12 }711 0 aZW
N, 0 0 4, O 0 B, 0 0 F,|| - ax;’
Mf BII BIZ O Dll D12 O Gll GIZ 0 azwl
Mj =| B, B, 0 D\, D, 0 G, G, 0 - ayz (15)
M, 0o 0 B, 0 0 D, 0 0 G otw
s _ b
Mt F‘ll EZ O Gll GIZ O Hll H12 0 2 axay
M; EZ El O GIZ Gll O HIZ HII 0 azw
My L0 0 Fy 0 0 Gy 0 0 Hgl|| o5
B 62WS
oy’
3 62w5
Ox0y
ow
sz _ A44 0 Ox ( 1 6)
0, 0 A ||ow,
y
ON_ ON. ow oW
ouw —=+—2 =] -] —L—cl,—*
Ox Oy Ox ox
ON,, ON ow ow
Ovi Ly o [ [ b,
ox oy oy oy
asz 82Mf 82Mb . .
=42 Lt ——L g =1 (W, +W )+, 8—"+@ —LV*W, —cl VW,
S Ox Ox0y Oy ox Oy
Wb.
zMs aZMs, aZMsy 8 - . .
0 = +2 o - +aQ“ + Q. +q=1,(W, +W )+cl, 8_u+8_v —cl V2, =PIV W,
Sw,: ox Ox0y oy Ox oy ox Oy (17
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trong d6 cac thanh phan I, dude tinh theo
cong thic sau:
h

11,12,13,14,15,16:Izhp(l,z,zz,z3,z4,zs)dz (18)
2
Hé phuong trinh trén ap dung cho bai toan
dong, doi véi bai toan tinh thi cac thanh phan
ctia vé bén phai bang khong.

2.4. Loi giai Navier cho tAm ch nhat FGM,
tya khép trén chu vi

Xét t&m chii nhat FGM véi chiéu dai a va
chiéu rong b tua khép trén chu vi nhu hinh 2.

Hinh 2. TAm ch nhat canh a, b,
bén bién twa khép.

Theo Navier, ham chuyén vi duge gia dinh
duéi dang chubdi lugng giac kép nhu sau (Thai et
al., 2013):

u(x,y,t)= ZZ e cosouxsinBy

m=1 n=1

v(x,y,t) =Y >V, e sinoxcosBy
m=1 n=1 (19)

Wb(x y’t) ZZ bmn

m=1 n=1

' sin oxsinfBy

w,(x, ,1) = ZZW;We“"’ sin oxsinfy

m=1 n=1

L mm nm
vO1 i=~—-1> 0L=7, B:77 (Umu, an’

Wbmm
Ham tai trong cling dugc gia thiét duéi

N 2 A A N A A 2
W) 18 cac an s0, w la tan so6 goc.

dang chubi lugng giac kép nhu sau:

Z z Qo sin 27 sin % (20)

m=1 n=1

4 ab
trong dé: gq,, =—Ijq x,y)sin xsm .
ab
. N 16q0
Khi tai trong phén b6 déu: ¢ = ;
mnz
Diéu kién bién: x =0: u, =v,=w, =0, M, =
0; =a: vo=w,=0, M, =0.
y=0:u,=v,=w,=0,M, = y=b: v,=
wy,=0,M, =

Thé& phuong trinh (19) vao hé phuong trinh
chuyén déng theo chuyén vi (17) ta co:

{[S] - * IMIH{Q} = {q} @1

Trong d6: cac ma tran, vecto [S]; [M]; {Q};
{q} xem chi ti&t phu luc.

o Khi cho tin s géc » = 0 ta nhan dude
phuong trinh cho bai toan tinh:

[SHQ} = {d} (22)

Giai phuong trinh (22) ta nhan dudc cac hé
86 Upn. Viws Wi Wonns tit @6 xac dinh duge cac
thanh phin chuyén vi theo (19) va cac thanh
phén ting suit cho bai toan tinh.

% Khi cho tai trong bing 0, nhan dudc
phuong trinh cho bai toan dao dong riéng:

{[S] - o [IMIH{Q} =0 (23)

Dat o=~ hay ﬁ,:a)z, bing phan mém
Matlab, gidi bai toan tim tri riéng cua phuong
trinh (23) [S] - A [M] = 0, ta nhan dudc tan s6
dao dong riéng ctia tAm véi vat liéu co tinh bién
thién FGM.

3. KET QUA VA THAO LUAN
3.1. Phan tich tinh

Vi du 1: Kiém chitng két qua s6 ctia thuat
toan va chuong trinh tinh tu viét trong méi
truong Matlab

Xét t&m P - FGM vuéng (a/b = 1) chiu tai
trong phan bd déu, lién két goi tua don gian
trén chu vi véi chiéu day tdm h = 0,01 (m), ti s6
a/h = 10, vat lieu FGM (AVALO,) véi tinh chat
cac vat liéu thanh phan:

- Kim loai (Al): E,, =70 (GPa); p,, =2.702
(kg/m?)
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Phan tich tinh va dao dong riéng tAm béng vat liéu cé co tinh bién thién (FGM) theo ly thuyét bién dang cét bac cao

don gian

- Ceramic (AL,0,):

P, =3.800 (kg/m?);

E. =380 (GPa);

D6 vong khong thii nguyén tai tAm cta tdm
(a/2;b/2) va cac thanh phan ting suit ctia tdm
dugc tinh v6i m = n =19 va dudc so sanh véi két
qua giai tich tinh theo ly thuyét bién dang cit
téng quat cta Zenkour (2006) - chuyén vi bién
thién theo quy luat ham sin va két qua tinh
theo ly thuyét bac nhat don gidn ctia Thai va
Kim (2013) thé hién trén bang 1.

Gia tri d6 vong va ting sudt khong thu
nguyén trong cac vi du dudi day tinh theo Thai
va Kim (2013), ¢6 dang nhu sau:

_ 10.E.K ab
=l &2
q,-a 22,
ab
ou(z)=—o0 (=;=;z
(2) “ =555 )‘
ab
on(z)=—2wo0, (=;=;z
»(2) . w(53559)

gxy (2)= L.a)‘y (0;0;2)

q,-a

>

Ow(z) = Loxz (0;3;2)

4o-4

g}z (z2)= L.ayz (2;0; z)
g, 2

Qua so sanh d6 vong khéng th@ nguyén tai
tam tadm chii nhat FGM va cac thanh phan tng
suélt véi cac chi s6 thé tich p = 0; 1; 10 cta bai
bao véi két quad gidi tich tinh theo Zenkour.
(2006), Thai va Kim (2013) trén bang 1 cho thay
cac két qua 1a tuong déng, nhu vay nghiém giai
tich cing nhu chuong trinh tinh ma bai bao da
x4y dung la tin cay.

Vi du 2: Khio sat anh hudng cia ti 16 thé
tich p dén dé vong

Xét ta&m vuodng c6 ti s6 b/a =1, a/h = 10. Do
vong tai tdm cua tdm FGM véi cac chi sb ty 1é
thé tich p = 0; 0,5; 1; 2; 5; 10 cho trén bang 2. P4
thi d6 vong ctia tdm tai mit cit x = a/2 véi cac
gia tri p khac nhau biéu dién trén hinh 3.

Bang 1. P vong va cac thanh phan Ging suit 16n nhat khéng thi nguyén

ctia tim vuéng P- FGM lién két khép trén chu vi

) Tisb b/a=1
Chi so
M5 hinh tile Tisbah=10
thé
ich — — — — — —
WP Sa/2b/2)  &.(h12)  &,(h13) G (-hi3) &.(h/6) &_(0)
SSDT (Zenkour, 2006) 0 0.4665 2.8932 1.9103 1.2850 0.4429 0.5115
FSDT (Thai HT, 2013) 0.4666 2.8732 1.9155 1.2990 0.4004 0.4004
Bai bao 0.4666 2.8913 1.9107 1.2858 0.3914 0.4953
SSDT (Zenkour, 2006) 1 0.9287 4.4745 2.1692 1.1143 0.5441 0.5114
FSDT (Thai HT, 2013) 0.9288 4.4407 21767 1.1218 0.4923 0.4004
Bai bao 0.9288 4.4713 2.1698 1.1146 0.5012 4.4953
SSDT (Zenkour, 2006) 10 1.5876 7.3689 1.2820 1.0694 0.4227 0.4552
FSDT (Thai HT, 2013) 1.5697 7.2963 1.2953 1.0853 0.3074 0.2867
Bai bao 1.5872 7.3625 1.2832 1.0705 0.3708 0.4377
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272

b —
Bang 2. D6 véng W(i —) va d6 vong khong thi nguyén W(— —)

a b
272

i a b
tai tam ctia tim FGM (5;5)

Ti sb a/b=1
Dé Vﬁng TiSé s A g2ia 2 s
(m] a/h Chi so ti 1é thé tich (p)
0 0.5 1 2 5 10
a b 10
W[Egj -1.2E-05 -1.9E-05 -2.4E-05 -3.1E-05 -3.8E-05 -4.2E-05
;(%,%) 0.4666 0.7154 0.9288 1.194 1.4349 1.5872
x 10°
0
-0.5
-1
E -1.5
€
L
(]
=}
o
@ -2.5
o
>
8 33 —%— p=0 [Ceramic]
—O0— p=0.5
-3.51- -=v--p=1
—_——- p=2
4
4 "% v | —B—p5
o -=%-=p=10
4.5

1 1 1 1
0 0.01 0.02 0.03 0.04

[ [ [ | |
0.05 0.06 0.07 008 0.09 0.1
y [m]

Hinh 3. Biéu d6 d6 vong cta tim tai mit cit x = a/2
véi cac chi s6 ti 1é thé tich p thay d6i

Tu bang 2 va hinh 3 ta c6 thé thdy ring khi
chi s6 thé tich p tang lén thi do cting cia tdm
giam do d6 lam cho do vong ctia tdm tang lén.

Vi du 8: Khio sat 4nh hudng cia ti s6 a/h
dén do vong

Xét tam vudng (b/a=1), véi cac ty s6 a’/h = 5;
10; 15; 20; 25; 30; 40; 50. D6 vong khong thi
nguyén tai tAm t&m FGM véi p = 0; 2; 5; 10 cho

trén bang 3. P4 thi d6 vong khong thi nguyén
tai tAm ctéia t&m bién thién theo ti s8 a/h biéu
dién trén hinh 4.

Tu bang 3 va hinh 4 ta c6 thé thdy ring khi
ti s6 a/h tang thi d6 vong khong thi nguyén cta
tam FGM giam. Khi chi s§ thé tich p ting 1én
thi d0 cting cua tdm giam lam cho dd vong
khong tht nguyén tai tdm tam FGM ting lén.
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