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§1. Lwc quan tinh
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1. Pinh nghia

Chét diém M c6 khéi lwong m, chuyén dong véi gia téc @ dudi tic
dung cua h¢ lyc trong hé quy chi€u quén tinh.

—qt

F' =-ma 1.1

* Trong hé truc Oxyz:

Z
F! =—mi
F¥ = —mj 11.2
F" =-mZ

o
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* Trong hé truc toa do tu nhién:

pd’l pdl pdl
F =F, +F, 11.3
L ~ P .
Voi: F, =-mad, :luc quan tinh phap
= L. < A
Fr = —mad,_ :luc quan tinh ti€p

Tur dinh nghia ta thdy lirc qudn tinh khong phai la lyc thuce su
tdc dung lén chat diem khao sdt. Luc qudn tinh la luc do.

Luwu ¥ chiéu, gia tri dai sé ciia lwc quan tinh khi 1am toén:

- Gia sir chat diém cé véc to gia toc @ véi chidu gid thiét

- Véc to lwe qudn tinh dwoc dat ngwoe chiéu vdi véc to gia toc gid
thiét nay.

- Gid tri dai s6 cuia luc qudn tinh theo chiéu da dat tinh theo cong
thite: F" = ma, véi a la gid tri dai so.
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c. Vat quay quanh mét truc z ¢ dinh
Thu gon hé lyc quan tinh vé O

—qt

Ro =—-Ma,

MY =] -] &

vz
MY =_J £+7 &*
y -_ yz8+ xz(l)

—qt

M:=J¢&
Néu truc z 12 truc quén tinh chinh (J ==
Ro=-Md, .My =My =0,M: =J &
Néu tryc z 13 truc quén tinh chinh trung tim
(/,=7,.=0,0=C)

Ro=0,My =M, =0,M: =J.
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2. Thu gon hé lwe quéan tinh ddi véi hé chat diém

Cic két qua sau, ngudi doc ty chirng minh hodc tham khao khéc.

a. Vat chuyén dong tinh tién
—qt — —qt
Rc =-Ma., Mc =0
11.4

b. Vat chuyén dong song phang

—qt . —a _
Rc =-Ma,.; Mc =_chsp

qr _
11.5 Mc _Jo-gsp
—qt
Re R' =M .a,
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d. TAm phang quay quanh mot truc c6 dinh vudng géc véi tim

Tam phang quay quanh truc cé dinh z, truc Oz di qua O va vudng goc
voi tam. Truc z la truc qudn tinh chinh.

—qt - —qt — —qt —
Ro =—Md., Mo =-J, (& M. =—J F)

Ff=0 -l ¥
M§=1J,e

7

( z la truc qudn tinh chinh
trung tam)

( z la truc qudn tinh chinh)
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2. Dbi véi co hé

§2. Nguyén ly D’Alembert

Nguyén ly D’Alembert cho phép chiing ta giai cac bai toan
dong luc hoc bang cdch thiét 1ap cdc phuong trinh chuyén
dong ctia hé dang cdc phuong trinh cén bang quen thudc. D6
chinh Ia ndi dung cua phuong phép tinh dong luc hoc.
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Tai mdi thoi diém, néu dit thém vao mdi chat diém cia hé cic luc quéan
tinh twong Ung thi cung véi cac ngoai luc va ndi lyc thyc su tic dung
1én h¢. Ta s€ dugc mot h¢ can bang.
Cho: {Fk} la ngoai lyc
{F k} la noi luc. (Béng 0 d6i v6i hé vat ran tuyét dbi cung)

{FZ’} la quadn tinh

Theo nguyén ly: ({F;},{fl},{??}) ~0 1.9
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Luveu hanh noi bo

1. D6i véi chat diém

3. Luu y khi van dung Nguyén ly

Tai mdi thoi diém néu dit thém vao chat diém lyc quén tinh ctia né ta
dugc moét hé lyc can bang gom luc chu dong, luc lién két va lyc quén
tinh cua chat diém.

Cho: F la luc chii dong
N la luec lién két
fqt la lyc qudn tinh

Theo nguyén 1y: (f,ﬁ,ﬁqt) ~0
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Theo nguyén 1y: ({fi},{ﬂ},{ﬂ’}) ~0

- Céng thirc trén diing véi moi thoi diém, nén xét tai thoi diém nao
thi cdc dai lwong trong céng thire xdc ldp tai thoi diém do.

- Hé lyc trén la can bcfng nén ta cé thé thuc hién viét cdc phuwong
trinh can bang theo 1y thuyét lc.

- Do hé lyc trén la can bcing tai thoi diém bat ky nén cong cua hé luc
trén gdy ra trén chuyén vi bé tai thoi diém bat ky dé ciing bang 0.
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Bai tap 11.1- xem bai 10.25

Thanh thang manh AB ¢6 chiéu dai I, trong luong P. Lic dau ngudi ta
gilt thanh ding yén nam ngang, roi tha cho thanh chuyén dong quay tu
do khong van téc dau trong mit phang thang ding dudi tac dung cua
trong lugng cua no. Tinh phan lyc lién két tai A khi thanh chuyén dong.

Bai gidi:
Xét thoi diem tong quat t, khi thanh AB quay dugc géc 1a ¢.
GV Huynh Vinh — PHBK Pa Ning
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= —1512.8.5¢)+ Pécos 0.00=0

3¢

:>8=3—gcos¢

21

* Tinh van tdc gbc cua thanh AB khi xoay géc ¢.

3g
21
3g

= wdw=—-cos@d
51 pap

:Ta)dw:z—fzcos(pd(p

3g .
,/—sm
21 ¢

, 38

=0 =—SInY = 0=
21 14
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do 3g
E=—COSQP=>—=—"

dt

21

cosp = d—d¢—3—cos¢d¢)

dt

Luveu hanh noi bo

21
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* Tinh gia toc goc ciia thanh AB khi xoay géc .

X

a = —é(a)zcosqo+ £.sin (0)

a,= é(—a)zsin(0+ €.cos(p)

Ta co:

(M3, Fy Fy,X2,Ya,P)~0
= -M7.0p+ Pé[sin(gﬁ+ o) —sin@| =

Taylor — Maclaurin

—M ¥ Sp+ P.é[sin P+cos P.op—sin@]=0

= -M1".0p+ P.écos 0.0p=0
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Luu hanh noi bo

* Tinh phan lyc lién két tai A khi thanh AB khi xoay géc ¢.

—qt

GV Huynh Vinh — PHBK Pa Ning

_>A’_.Aa_. _/\19_>«\’l7_>; -~
(Ya,Xa,P,Muy,Fi . Fy)~0

-|

Zxo

ZYO

2g

Luwu hanh noi bo

X,=F"
Y,=F"-P

—(a)zcos¢+ £.sin ¢)
—l(—a)zsinqo+ £.cosp)—
X, = —9?Psin 2¢

—§(9sin2(0+1)<0
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Bai tap 11.2 — xem 10.9

Cho dia tron c6 ban kinh R, trong
lugong P c6 thé quay quanh truc

ngang tai khop O. Hai vat c6 trong

luong 12 Q;, Q, (Q, > Q) dwoc bude ) R |
vao hai dau diy quan trén bién dia 20 ‘
tron. Day khong trong lugng, khong

gian, khi chuyén dong khong truot
d6i voi dia tron. Cho hé chuyén dong
tur trang thai dung yén. Khi vat (2) di
duoc quing duong s, yéu ciu:

1. Xéc dinh gia tdc cua céc vat

(2)

2. Tinh phdn luc lién két tai O:

(?0’Yo’ﬁ’_él’_Q;’F?[’fgr’Mzt)~O ML/

Zx 0 X,=0
ZY 0 Y, =P+(Q
X,=0

+F")+(Q, - F")

v =00+ +0,0-Y+ P
g g

7

h a
2. Tim phan lyc lién két ctua dia tai @ ()
truc quay. F !
3. Luc cang trong cic nhanh day I o,
0,
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1. Tim gia toc khi vt (2) chuyén dong xué'ng dogn s 3. Luc cing day:
qt —qt — —gt —
(Vo.Xo,P.0,,00. FI FL M) =0, @.F/ T0~0=T=0,+ £ =Q1+%) (e
* Cong do hé lyc trén thuc hién trén
moi chuyén vi déu bang khong, nén: A T A
o 7
(Q, - Ff)Ss—(Q,+ F")ds—M 2. 22 =0
R R
p s z [j @
a a a, os _
= Q,(1-—)0s-Q,(1+—)Fs —(—R’ ) Cj (D)
8 8 28 o )
F
—=a=2 Qz — Ql = : I —
a= g a 0,
20,+20,+P a
o ~
—qt v Ql
Fi = = T3 at a
I 0, (0,.F>.T2)~0=>T,=0,—F, =Q2(1—g)
0,
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Bai tap 11.3

Vat nang (1) c6 trong lwong P, = P va vat nang (2) c6 trong luong
P, = 2P dugc budc vao hai day cudn vao hai tang ctia mot toi ban
kinh r va R =2r. Dé ning vt ning P, 1én, ta tic dung mémen M 1én
toi. Biét trong lwong toi 14 Q = 4P, ban kinh quén tinh 1a p = 1,5r.
X4c dinh gia tc cua toi quay.

ey

GV Huynh Vinh — PHBK Pa Ning

Ta c6: (ﬁl,ﬁz,é,M,Yo,?o,ffl,fgt,ﬁql) ~0

Cong hé lyc trén sinh ra trén quiang dudng bét ky bang 0, nén:
D 8(A)=(M —M*").6p+(P,—F")ds,—(F + P,)Js, =0
= (M —M")op+2r(P—F")op—r(F + P,)op=0
=[ (M -M")+2r(B-F")—-r(F+P,) |5p=0
>M-M")+2r(R-F")-r(F/+P,)=0

= (M —4—P2r28)+2r(P—£2a)—r(2—Pa+2P) =0
g 4 g g

Mg
15Pr?

= Mg =15Per’ = &=
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* Xét thoi diém vat (2) chuyén dong quing duong s, gia toc clia né 1a a. e g — —
o TR Taco: (Pr.P2.0.M. Xo. o, Fl FY.M") =0
a,=a,a;=2a,6=— N N N A - \ A, 1 13 A
r ) Cong h¢ lyc trén sinh ra trén quang duong bat ky bang 0, nén:
Cé4c tai trong va phan lyc lién két:
P1,P> é M,Xo0,Yo 25(Ak) =(M -M").0p+(F, - F")ds,—(F," + B,)ds, =0
Céc lyc quén tinh: = (M —M")6p+2r(F,— F")0¢p—r(F," + P,)0p=0
p p p :>[(M—M"’)+2r(Pl—Fl‘”)—r(F2‘”+PZ)]5¢):O
F'"=—ta,=—Re=2—r¢
g g g >M-M")+2r(PR-F")—r(F+P,)=0
P P P M
FZ‘” =—2aB =2gr=2—¢r —a (2)Cj Os E= g2
g 8 3 Fi = 15Pr
P>
M" :gp2€=9£r28 ey l
8 8 —gt
Ta c6: - i
os v P ke
0P =—:,0s, =05 =roQ, 0s, =205 =2rd¢p
r
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Bai tap 11.4 *Ta c6: (Fr ,P,0,Fc,Me,F1 ,Ni,X0,Y0)~0
Cho co cdu nhu hinh v&. Vat (1) c6 trong luong P. Trong lugng cua vat Fa— P a
(3) 12 Q = 4P, ban kinh quén tinh doi véi truc quay Cz 1a 1,5r. Vat 2 ¢ 4 A
trong lugng khong dang ké. Tim gia toc cua vat (1) khi n6 ha xudng. 0 QP
AR = F'==qg. =—a
Biét R = 2r. c c A
g 3g
P
M" = J.€=gp2€=3—raA
R 8 8
3) . * Cong ctia hé Iyc cin bang thyc hién khi vét (1) dich chuyén Ss tir s:
D S(A)=(P-F")ds—F!.5s. —M".5p,=0
2 0.
= (P=F")8s—F Z8s—M". 22 =0
2 1
= (P-F")-F'Z-M"—=0
3 3r
P 8P 2 P 1 9
=>P-—a,)——a,—-3—ra,—=0=>a,=—¢g
g 3g "3 g 3r 34
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* hé vé chuyén vi, gia toc: A NANG
Quan h¢ ve chuyen v1, gia toc NA;,; — Dinave Universry or Tecmvorocy
LRUDNGDATHOC BACH KHOA ~

Fi 1
D A
_ Os
a
A
os 2
0Q, =—05. =—05,0s, =05 —
r 3 P
_a,. 2
e
3r
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§3. Nguyén Iy di chuyén kha di

Nguyén ly nay con dugc goi la nguyén 1y cong do, dung phuong

phap dong hoc dé giai bai todn cin bang.
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1. Cac khai niém co ban vé co hé chiju lién ket

1.1. Di chuyén kha di: Do doi vo cung bé tuong tuong thuc hién dugce
ma khong pha vo lién két cia co hé.

* Cdc di chuyén kha di thudng gip:

5;(5x,5y,5z) : Di chuyén kha di tong qudt
Os: Di chuyén dai kha di
O : Di chuyén goc kha di
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1.3. Toa do suy rong:
La cac thong sb dinh vi ding béng sb bac tu do hoan toan xdc dinh
duogc vi tri cia co hé goi la toa dd suy rong.
Ky hi¢u toa do suy rong: {q}=(q;, 42 q3---.q,)-

1.4. Cong kha di:
SA=F.67
1.5. Luc suy rong:
Xét hé gdm m chat diém chiu tic dyng ciia hé lyc{F+ }. Cho hé gdm
n bac ty do dugc xac dinh béi toa do suy rong {q}=(q;, 9> g3---.9,)-
Cong kha di cua hé luc tdc dung 1€n co hé:

5,4:2?,(,57]{ 11.10
k
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1.2. S6 béc tw do ciia co hé: bang s di chuyén kha di doc lap cia nd.
+ Vat chuyén dong tinh tién thang c6 mét di chuyén kha di 1a 8s >
bactydolal.

+ Vat chuyén dong tinh tién phang c6 hai di chuyén kha di doc lap
theo hai phuong = béc tu do 1a 2.

+ Vat chuyén dong quay quanh mét truc c¢b dinh c¢6 mot di chuyén kha
did¢ > bactydolal.

+ Vat chuyén dong song phang c6 ba di chuyén kha di doc 1ap. Trong
d6 c6 hai di chuyén kha di ctia diém cyc, mdt di chuyén kha di cua vat
quay quanh cuc d6 = bac ty do 1a 3.

* Cach xac dinh s6 bac tw do:

Néu can tro n di chuyén kha di doc 1ap ma moi diém thudc hé
moi ding yén thi hé ¢ ding n bac tu do.
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+ Cong kha di tinh trong toa do Descartes
SA=) F,.0r,+) F 6, +> F_bn

+ Cong kha di tinh trong toa d6 suy rong

11.11

Tac6: 7, =7 (4,,G55--4,) = OF, = Zgi(?qi (Khai trién M-L)
o &R o
Nen.5A:ZFkZa_§qi:Z ZF"_ 5q,
k q; k

aqi

i i i

bit: Q. = ka gi goi 1a lyc suy rong. 112
- .

l

Do d6: §A = Zn:Q,ﬁq,. =00¢,+0,0q, +..+Q,6q, (113

i=1

GV Huynh Vinh — PHBK Pa Ning Luew hanh ndi bo Slide 1176




* Cé4ch tinh luc suy rong: Dé tinh luc suy rong Q; nao doé ta truyén
cho hé mot di chuyén kha di doc 1ap sao cho toa do suy rong g, c6 sb
gia &g, # 0, con céc toa do khic &g, = 0 v6i j # i. Tinh tong cong JA
cua cdc luc trén di chuyén kha di. Lyc suy rong Q; dugc tinh boi
cong thtrc:

0 = 5_‘4 11.14

o q;
1.6. Lién két 1y twong:

Ta da gdp nhitng loai lién két ma tdng coéng cua cdc lyc lién két sinh ra

2. Nguyén 1y di chuyén kha di
2.1. Nguyén Iy: Piéu kién can va du dé cho co hé chiu lién két 1y tuong
dugc can bang la tong cong nguyén td cua tat ca ciac luc chu dong tac
dung 1€n hé trong moi1 di chuyén kha di cua hé phai bang khong.
Xét h¢ 1y tuong voi:
+ Luc tdc dung 1én hé gom céc lyc hoat dong: F,
+ Céc phan lyc lién két: N,

Theo nguyén 1y di chuyén kha di: > SA(Fx) =Y F¢.67, =0 [11.16
k

trén cdc d6 doi phan t6 clia h¢ triét tiéu. Hay ni cdch khdc cdc lién keét ( Chitng minh: 1. Diéu kién cdn )
nay khong anh huong dén bién thién dong nang ctia hé trong qua trinh —= = = £ \e=
v Lons & cenl bien PHIC Cong nang tua fie trong qua tin Ni+Fi=0=(Ni+Fi)d7, =0
chuyén dong. Ta dua ra khdi niém co h¢ ly tuéng. Ta c6 dinh nghia
Sau. = N7, + Fior, =0 =) Toan hé
Cac lién két cta hé s& duoc goi 1a Iy tuong néu tong cong SAN SACF 0 -
nguyen t6 cta cdc luc lién két trén moi di chuyén kha di cta hé déu = 0ANK) +0A(F i) = Z OA(F:)=0
bang khong. ¥ = 0 +J0A(F)=0 )
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LA T e . e . - 5 A
Xét h¢ ly tuong voi: ‘ B 2. Diéu kién dii: chimg minh hé phdi can bang
+ Lyc tdc dung 1én hé gom cdc luc hoat dong: Lic diu hé dimg yén va thoa man didu kién cin. Gia st tai thoi
+ Céc phan lyc lién két: N, di€ém nao dé hé chuyén dong, theo dinh ly dong nang thi:
Zé‘A(ﬁk):ZNk,afk:() 11.15 dT =dA(F«)+dA(N«) >0 (%)
k
a1 X . g . ven 1 e m Ma dA(N)=0 va dA(F) =0 nén (*) khong ding. Viy hé
Cé4c lién ket thuong gédp sau day 1a lién két 1y tudng: A ,( ¢ )A (Fi) ©) g uns. vy e
A 1 X . . luén dirng yén.
- Lién ket twa khong ma sdt \ J
- Lién ket lan khong truot trén mat cong nhdam
- Lién ket ban lé khong ma sdt
- Lién ket day mém khong gian
- Lién ket thanh
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2.2. Cac phuong trinh cin bing:
Xét hé 1y tudng véi céc luc hoat dong F
+ Phuong trinh can béng dang toa d§ Descartes
> SA(F)=0=> F, .6, +> F, 6r, +> F_6r, =0
+ Phuong trinh cin bang dang toa do suy rong 1.17

> SA(F)=0= 0,69, +0,0q, +...+0,5q, =0

Q1 =0

s 4 A 1A - Qz =0
Khi céc dg, doc 1ap nhau thi: 11.18

Q,=0

Bai tap 11.5

Cho hé dam chiu lién két va chiu lyc nhu hinh v&. Bo qua ma sdt, tim
phan lyc ¢ goi C va ngam A.

R=2l
xtl L llc

?INNZ
[ [
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3. Ap dung 1. Tim phan lyc lién két géi tai C:
3.1. Cac dang toan thuong gip: - Giai phéng lién két tai gdi C = phan lyc V.
- Tim diéu kién can bang cta co hé c6 mdt hodc nhiéu bac tu do
S g : ; : ac [ P =2ql . P =gl
- X4c dinh cdc phan lyc li€n két ctia cac h¢ co hoc tinh dinh W c l
3.2. Céc bude tién hanh: Al % 7 D
- Chon béc tu do cua dbi twong khio st va cho di chuyén kha di N — N
‘. ) 2 - V.,
- Chon bac tu do cta doi tugng khao sat va cho di chuyén kha di , . ¢ 5
. A A R N . n ) 2 \ - Gay di chuyén kha di cia dam BCD - xoay tai B géc
- Tinh va triét tiéu tong cong cic luc hoat dong trong di chuyén kha Y y ytarb goc op
di. Tt d6 rit ra nhitng phuong trinh tim di€u ki€n can bang cua co hé. P =24l P, =ql
(Véi h¢ co hoc tinh dinh can bang, giai phéng phan luc lién két can l q l
tim va xem n6 nhu lyc hoat dong) A§ S \'\ ' l E \C
A B TT=-< ] O D
A [ y
[ I
VC
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