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PREFACE

This book is a response to those instructors who feel that calculus textbooks are too
big. In writing the book I asked myself: What is essential for a three-semester calcu-
lus course for scientists and engineers?

The book is about two-thirds the size of my other calculus books (Calculus, Fifth
Edition and Calculus, Early Transcendentals, Fifth Edition) and yet it contains almost
all of the same topics. I have achieved relative brevity mainly by condensing the expo-
sition and by putting some of the features on the website www.stewartcalculus.com.
Here, in more detail are some of the ways I have reduced the bulk:

= [ have organized topics in an efficient way and rewritten some sections
with briefer exposition.

= The design saves space. In particular, chapter opening spreads and photo-
graphs have been eliminated.

= The number of examples is slightly reduced. Additional examples are
provided online.

= The number of exercises is somewhat reduced, though most instructors
will find that there are plenty. In addition, instructors have access to the
archived problems on the website.

= Although I think projects can be a very valuable experience for students,
I have removed them from the book and placed them on the website.

= A discussion of the principles of problem solving and a collection of chal-
lenging problems for each chapter have been moved to the web.

Despite the reduced size of the book, there is still a modern flavor: Conceptual
understanding and technology are not neglected, though they are not as prominent as
in my other books.

CONTENT

This book treats the exponential, logarithmic, and inverse trigonometric functions
early, in Chapter 3. Those who wish to cover such functions later, with the logarithm
defined as an integral, should look at my book titled simply Essential Calculus.

CHAPTER | = FUNCTIONS AND LIMITS After a brief review of the basic functions, lim-
its and continuity are introduced, including limits of trigonometric functions, limits
involving infinity, and precise definitions.

CHAPTER 2 = DERIVATIVES The material on derivatives is covered in two sections in
order to give students time to get used to the idea of a derivative as a function. The

vii
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formulas for the derivatives of the sine and cosine functions are derived in the section
on basic differentiation formulas. Exercises explore the meanings of derivatives in
various contexts.

CHAPTER 3 = INVERSE FUNCTIONS: EXPONENTIAL, LOGARITHMIC, AND INVERSE TRIGONOMETRIC FUNCTIONS
Exponential functions are defined first and the number e is defined as a limit. Loga-
rithms are then defined as inverse functions. Applications to exponential growth and
decay follow. Inverse trigonometric functions and hyperbolic functions are also
covered here. L’Hospital’s Rule is included in this chapter because limits of transcen-
dental functions so often require it.

CHAPTER 4 = APPLICATIONS OF DIFFERENTIATION The basic facts concerning extreme
values and shapes of curves are deduced from the Mean Value Theorem. The section
on curve sketching includes a brief treatment of graphing with technology. The sec-
tion on optimization problems contains a brief discussion of applications to business
and economics.

CHAPTER 5 = INTEGRALS The area problem and the distance problem serve to moti-
vate the definite integral, with sigma notation introduced as needed. (Full coverage of
sigma notation is provided in Appendix C.) A quite general definition of the definite
integral (with unequal subintervals) is given initially before regular partitions are
employed. Emphasis is placed on explaining the meanings of integrals in various con-
texts and on estimating their values from graphs and tables.

CHAPTER 6 = TECHNIQUES OF INTEGRATION All the standard methods are covered, as
well as computer algebra systems, numerical methods, and improper integrals.

CHAPTER 7 = APPLICATIONS OF INTEGRATION General methods are emphasized. The
goal is for students to be able to divide a quantity into small pieces, estimate with Rie-
mann sums, and recognize the limit as an integral. The chapter concludes with an

introduction to differential equations, including separable equations and direction
fields.

CHAPTER 8 = SERIES The convergence tests have intuitive justifications as well as for-
mal proofs. The emphasis is on Taylor series and polynomials and their applications
to physics. Error estimates include those based on Taylor’s Formula (with Lagrange’s
form of the remainder term) and those from graphing devices.

CHAPTER 9 = PARAMETRIC EQUATIONS AND POLAR COORDINATES This chapter intro-
duces parametric and polar curves and applies the methods of calculus to them. A brief
treatment of conic sections in polar coordinates prepares the way for Kepler’s Laws in
Chapter 10.

CHAPTER 10 = VECTORS AND THE GEOMETRY OF SPACE In addition to the material on
vectors, dot and cross products, lines, planes, and surfaces, this chapter covers vector-
valued functions, length and curvature of space curves, and velocity and acceleration
along space curves, culminating in Kepler’s laws.

CHAPTER 11 = PARTIAL DERIVATIVES In view of the fact that many students have dif-
ficulty forming mental pictures of the concepts of this chapter, I've placed a special
emphasis on graphics to elucidate such ideas as graphs, contour maps, directional deriv-
atives, gradients, and Lagrange multipliers.

CHAPTER 12 = MULTIPLE INTEGRALS Cylindrical and spherical coordinates are intro-
duced in the context of evaluating triple integrals.
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CHAPTER 13 = VECTOR CALCULUS The similarities among the Fundamental Theorem
for line integrals, Green’s Theorem, Stokes’ Theorem, and the Divergence Theorem
are emphasized.

WEBSITE

The website www.stewartcalculus.com includes the following.

Review of Algebra, Analytic Geometry, and Conic Sections
Additional Examples
Projects

Archived Problems (drill exercises that have appeared in previous editions
of my other books), together with their solutions

Challenge Problems

Complex Numbers

Graphing Calculators and Computers

Lies My Calculator and Computer Told Me

Additional Topics (complete with exercise sets): Principles of Problem
Solving, Strategy for Integration, Strategy for Testing Series, Fourier Series,
Area of a Surface of Revolution, Linear Differential Equations, Second-
Order Linear Differential Equations, Nonhomogeneous Linear Equations,
Applications of Second-Order Differential Equations, Using Series to Solve
Differential Equations, Complex Numbers, Rotation of Axes

Links, for particular topics, to outside web resources

History of Mathematics, with links to the better historical websites
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ANCILLARIES FOR INSTRUCTORS

ANCILLARIES FOR STUDENTS

COMPLETE SOLUTIONS MANUAL

ISBN 0495014303

The Complete Solutions Manual provides worked-out
solutions to all of the problems in the text.

SOLUTIONS BUILDER CD

ISBN 0495106925

This CD is an electronic version of the complete solu-
tions manual. It provides instructors with an efficient
method for creating solution sets to homework or
exams. Instructors can easily view, select, and save
solution sets that can then be printed or posted.

]'{t TOOLS FOR ENRICHING CALCULUS
= ISBN 0495107638

TEC contains Visuals and Modules for use as class-
room demonstrations. Exercises for each Module allow
instructors to make assignments based on the classroom
demonstration. TEC also includes Homework Hints for
representative exercises. Students can benefit from this
additional help when instructors assign these exercises.

STUDENT SOLUTIONS MANUAL

ISBN 049501429X

The Student Solutions Manual provides completely
worked-out solutions to all odd-numbered exercises
within the text, giving students a way to check their
answers and ensure that they took the correct steps to
arrive at an answer.

INTERACTIVE VIDEO SKILLBUILDER CD

ISBN 0495113719

The Interactive Video Skillbuilder CD-ROM contains
more than eight hours of instruction. To help students
evaluate their progress, each section contains a ten-
question web quiz (the results of which can be e-mailed
to the instructor) and each chapter contains a chapter
test, with the answer to each problem on each test.

T{[ TOOLS FOR ENRICHING CALCULUS
=% ISBN 0495107638
TEC provides a laboratory environment in which stu-
dents can enrich their understanding by revisiting and
exploring selected topics. TEC also includes Homework
Hints for representative exercises.

Ancillaries for students are available for purchase at
www.cengage.com
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TO THE STUDENT

Reading a calculus textbook is different from reading a news-
paper or a novel, or even a physics book. Don’t be discour-
aged if you have to read a passage more than once in order to
understand it. You should have pencil and paper and calcula-
tor at hand to sketch a diagram or make a calculation.

Some students start by trying their homework problems
and read the text only if they get stuck on an exercise. I sug-
gest that a far better plan is to read and understand a section
of the text before attempting the exercises. In particular, you
should look at the definitions to see the exact meanings of the
terms. And before you read each example, I suggest that you
cover up the solution and try solving the problem yourself.
You’ll get a lot more from looking at the solution if you do so.

Part of the aim of this course is to train you to think logi-
cally. Learn to write the solutions of the exercises in a con-
nected, step-by-step fashion with explanatory sentences—not
just a string of disconnected equations or formulas.

The answers to the odd-numbered exercises appear at the
back of the book, in Appendix E. Some exercises ask for a
verbal explanation or interpretation or description. In such
cases there is no single correct way of expressing the answer,
so don’t worry that you haven’t found the definitive answer.
In addition, there are often several different forms in which to
express a numerical or algebraic answer, so if your answer
differs from mine, don’t immediately assume you’re wrong.
For example, if the answer given in the back of the book is
V2 =1 and you obtain 1/(1 + \/5), then you’re right and
rationalizing the denominator will show that the answers are
equivalent.

The icon /4 indicates an exercise that definitely requires
the use of either a graphing calculator or a computer with
graphing software. But that doesn’t mean that graphing
devices can’t be used to check your work on the other exer-
cises as well. The symbol is reserved for problems in
which the full resources of a computer algebra system (like
Derive, Maple, Mathematica, or the TI-89/92) are required.
You will also encounter the symbol [Z], which warns you
against committing an error. I have placed this symbol in the
margin in situations where I have observed that a large pro-
portion of my students tend to make the same mistake.

Xii

The CD-ROM Tools for Enriching™ Calculus is referred
to by means of the symbol |/ . It directs you to Visuals and
Modules in which you can explore aspects of calculus for
which the computer is particularly useful. TEC also provides
Homework Hints for representative exercises that are indi-
cated by printing the exercise number in blue: 43.. These
homework hints ask you questions that allow you to make
progress toward a solution without actually giving you the
answer. You need to pursue each hint in an active manner with
pencil and paper to work out the details. If a particular hint
doesn’t enable you to solve the problem, you can click to
reveal the next hint. (See the front endsheet for information
on how to purchase this and other useful tools.)

The Interactive Video Skillbuilder CD-ROM contains
videos of instructors explaining two or three of the examples
in every section of the text. (The symbol i1 has been placed
beside these examples in the text.) Also on the CD is a video in
which I offer advice on how to succeed in your calculus course.

I also want to draw your attention to the website
www.stewartcalculus.com. There you will find an Algebra
Review (in case your precalculus skills are weak) as well as
Additional Examples, Challenging Problems, Projects, Lies
My Calculator and Computer Told Me (explaining why cal-
culators sometimes give the wrong answer), History of Math-
ematics, Additional Topics, chapter quizzes, and links to
outside resources.

I recommend that you keep this book for reference pur-
poses after you finish the course. Because you will likely
forget some of the specific details of calculus, the book will
serve as a useful reminder when you need to use calcu-
lus in subsequent courses. And, because this book contains
more material than can be covered in any one course, it can
also serve as a valuable resource for a working scientist or
engineer.

Calculus is an exciting subject, justly considered to be one
of the greatest achievements of the human intellect. I hope
you will discover that it is not only useful but also intrinsi-
cally beautiful.

JAMES STEWART
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1 FUNCTIONS
AND LIMITS

Calculus is fundamentally different from the mathematics that you have studied previously. Calculus
is less static and more dynamic. It is concerned with change and motion; it deals with quantities
that approach other quantities. So in this first chapter we begin our study of calculus by investi-
gating how the values of functions change and approach limits.

1.1 | FUNCTIONS AND THEIR REPRESENTATONS

Population
Year (millions)
1900 1650
1910 1750
1920 1860
1930 2070
1940 2300
1950 2560
1960 3040
1970 3710
1980 4450
1990 5280
2000 6080

FIGURE 1

Vertical ground acceleration during

the Northridge earthquake

Functions arise whenever one quantity depends on another. Consider the following
four situations.

A.

The area A of a circle depends on the radius r of the circle. The rule that connects
r and A is given by the equation A = 7rr%. With each positive number 7 there is
associated one value of A, and we say that A is a function of r.

. The human population of the world P depends on the time ¢. The table gives esti-

mates of the world population P(7) at time ¢, for certain years. For instance,
P(1950) = 2,560,000,000

But for each value of the time ¢ there is a corresponding value of P, and we say that
P is a function of ¢.

. The cost C of mailing a first-class letter depends on the weight w of the letter.

Although there is no simple formula that connects w and C, the post office has a
rule for determining C when w is known.

. The vertical acceleration a of the ground as measured by a seismograph during an

earthquake is a function of the elapsed time ¢. Figure 1 shows a graph generated by
seismic activity during the Northridge earthquake that shook Los Angeles in 1994.
For a given value of ¢, the graph provides a corresponding value of a.

a

(em/s?)
100
50+
t (seconds)
—50
Calif. Dept. of Mines and Geology

Each of these examples describes a rule whereby, given a number (r, f, w, or 1),

another number (A, P, C, or a) is assigned. In each case we say that the second num-
ber is a function of the first number.
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x —> if —> f(x)
(input) (output)
FIGURE 2

Machine diagram for a function f

f

A > B
FIGURE 3
Arrow diagram for f

y

ol 1 X

FIGURE 6

A function f is a rule that assigns to each element x in a set A exactly one
element, called f(x), in a set B.

We usually consider functions for which the sets A and B are sets of real numbers.
The set A is called the domain of the function. The number f(x) is the value of f
at x and is read “f of x.” The range of f is the set of all possible values of f(x) as x
varies throughout the domain. A symbol that represents an arbitrary number in the
domain of a function f is called an independent variable. A symbol that represents
a number in the range of f is called a dependent variable. In Example A, for
instance, r is the independent variable and A is the dependent variable.

It’s helpful to think of a function as a machine (see Figure 2). If x is in the domain
of the function f, then when x enters the machine, it’s accepted as an input and the
machine produces an output f(x) according to the rule of the function. Thus we can
think of the domain as the set of all possible inputs and the range as the set of all pos-
sible outputs.

Another way to picture a function is by an arrow diagram as in Figure 3. Each
arrow connects an element of A to an element of B. The arrow indicates that f(x) is
associated with x, f(a) is associated with a, and so on.

The most common method for visualizing a function is its graph. If f is a function
with domain A, then its graph is the set of ordered pairs

{(x. f) | x € A}

(Notice that these are input-output pairs.) In other words, the graph of f consists of all
points (x, y) in the coordinate plane such that y = f(x) and x is in the domain of f.

The graph of a function f gives us a useful picture of the behavior or “life history”
of a function. Since the y-coordinate of any point (x, y) on the graph is y = f(x), we
can read the value of f(x) from the graph as being the height of the graph above the
point x. (See Figure 4.) The graph of f also allows us to picture the domain of f on the
x-axis and its range on the y-axis as in Figure 5.

Y (x, £(x)) Y
range
) £
X 0 N X
domain
FIGURE 4 FIGURE 5

EXAMPLE | The graph of a function f is shown in Figure 6.
(a) Find the values of f(1) and f(5).
(b) What are the domain and range of f?

SOLUTION
(a) We see from Figure 6 that the point (1, 3) lies on the graph of f, so the value of
fat1is f(1) = 3. (In other words, the point on the graph that lies above x = 1 is
3 units above the x-axis.)

When x = 5, the graph lies about 0.7 unit below the x-axis, so we estimate that
f(5) = —0.7.
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(b) We see that f(x) is defined when 0 < x < 7, so the domain of f is the closed
interval [0, 7]. Notice that f takes on all values from —2 to 4, so the range of f is

book. {y| 2<y<4=[-24] L
REPRESENTATIONS OF FUNCTIONS
There are four possible ways to represent a function:
= verbally (by a description in words) = visually (by a graph)
= numerically (by a table of values) = algebraically (by an explicit formula)
If a single function can be represented in all four ways, it is often useful to go from
one representation to another to gain additional insight into the function. But certain
functions are described more naturally by one method than by another. With this in
mind, let’s reexamine the four situations that we considered at the beginning of this
section.
A. The most useful representation of the area of a circle as a function of its radius
is probably the algebraic formula A(r) = 7rr?, though it is possible to compile a
table of values or to sketch a graph (half a parabola). Because a circle has to have
a positive radius, the domain is {r | r > 0} = (0, ), and the range is also (0, ).
Population B. We are given a description of the function in words: P(¢) is the human population
Year (millions) of tbe world at time t. The.table of values of world population provides a con-
venient representation of this function. If we plot these values, we get the graph
1900 1650 (called a scatter plot) in Figure 7. It too is a useful representation; the graph allows
1910 1750 us to absorb all the data at once. What about a formula? Of course, it’s impossible
1920 1860 to devise an explicit formula that gives the exact human population P(r) at any time
1930 2070 t. But it is possible to find an expression for a function that approximates P(f). In
1940 2300 fact, we could use a graphing calculator with exponential regression capabilities to
1950 2560 obtain the approximation
1960 3040
1970 3710 P(r) = f(r) = (0.008079266) - (1.013731)'
1980 4450 . . s . .
1990 5280 and Figure 8 shows that it is a reasonably good “fit.”” The function f is called a
2000 6080 mathematical model for population growth. In other words, it is a function with an
explicit formula that approximates the behavior of our given function. We will see,
however, that the ideas of calculus can be applied to a table of values; an explicit
formula is not necessary.
P P
6 X107+ ° 6Xx10°+
1900 1920 1940 1960 1980 2000 ! 1900 1920 1940 1960 1980 2000 !

FIGURE 7 Scatter plot of data points for population growth FIGURE 8 Graph of a mathematical model for population growth
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= A function defined by a table of values
is called a rabular function.

w (ounces) C(w) (dollars)
O<w=1 0.39
l<w=s?2 0.63
2<w=3 0.87
3<w=4 1.11
4d<w=S>5 1.35
12<w=<13 3.27
T
0 t
FIGURE 9

= If a function is given by a formula
and the domain is not stated explicitly,
the convention is that the domain is the
set of all numbers for which the formula
makes sense and defines a real number.

The function P is typical of the functions that arise whenever we attempt to
apply calculus to the real world. We start with a verbal description of a function.
Then we may be able to construct a table of values of the function, perhaps from
instrument readings in a scientific experiment. Even though we don’t have com-
plete knowledge of the values of the function, we will see throughout the book that
it is still possible to perform the operations of calculus on such a function.

C. Again the function is described in words: C(w) is the cost of mailing a first-class
letter with weight w. The rule that the US Postal Service used as of 2006 is as fol-
lows: The cost is 39 cents for up to one ounce, plus 24 cents for each successive
ounce up to 13 ounces. The table of values shown in the margin is the most con-
venient representation for this function, though it is possible to sketch a graph (see
Example 6).

D. The graph shown in Figure 1 is the most natural representation of the vertical accel-
eration function a(f). It’s true that a table of values could be compiled, and
it is even possible to devise an approximate formula. But everything a geologist
needs to know—amplitudes and patterns—can be seen easily from the graph. (The
same is true for the patterns seen in electrocardiograms of heart patients and poly-
graphs for lie-detection.)

In the next example we sketch the graph of a function that is defined verbally.

EXAMPLE 2 When you turn on a hot-water faucet, the temperature 7" of the water
depends on how long the water has been running. Draw a rough graph of 7 as a
function of the time ¢ that has elapsed since the faucet was turned on.

SOLUTION The initial temperature of the running water is close to room tempera-
ture because the water has been sitting in the pipes. When the water from the hot-
water tank starts flowing from the faucet, 7 increases quickly. In the next phase, T

is constant at the temperature of the heated water in the tank. When the tank is
drained, T decreases to the temperature of the water supply. This enables us to make
the rough sketch of T as a function of ¢ in Figure 9. [ |

EXAMPLE 3 Find the domain of each function.

(@) f(x)=+x+2 (b) g(x) =

SOLUTION

(a) Because the square root of a negative number is not defined (as a real number),
the domain of f consists of all values of x such that x + 2 = 0. This is equivalent to
x = —2, so the domain is the interval [ —2, ).

(b) Since

x2—x

1 1

g(x):xz—xzx(x—l)

and division by 0 is not allowed, we see that g(x) is not defined when x = 0 or
x = 1. Thus the domain of g is {x ] x # 0, x # 1}, which could also be written in
interval notation as (—, 0) U (0, 1) U (1, »). [ ]

The graph of a function is a curve in the xy-plane. But the question arises: Which
curves in the xy-plane are graphs of functions? This is answered by the following test.

THE VERTICAL LINE TEST A curve in the xy-plane is the graph of a function of
x if and only if no vertical line intersects the curve more than once.




