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INTERPOLATION POLYNOMIAL FOR A SET POINTS
ON TWO CROSSWISE LINE IN P?

NOI SUY DA THUC CHO TAP BIEM NAM TREN HAI
DUONG THANG CHEO NHAU TRONG P?

Tran Nam Sinh, Phan Quang Nhw Anh
Truong Pai hoc Su pham, Pai hoc Pa Nang

ABSTRACT: The basic problem of interpolation theory is to find the least degree of an
homogeneous polynomial that vanishes to some specified order at every point of a give finite
set. In this paper, we shown formula to computer for the regularity index of graded algebra that
is generated by the linear forms dual of the set of points. Then, we determine problem of
interpolation polynomial for this case. We determine the least degree of an homogeneous
polynomial via the regularity index. The result of this paper is presentation via Theorem 3.2 and
Theorem 3.3.

Keywords: The regularity index, the interpolation polynomial, the linear forms dual, the
least degree, the initial degree.

TOM TAT: Vén dé co ban cia Iy thuyét néi suy da thire 1o tim bdc bé nhdt ciia mét da
thitc thuan nhat triét tiéu vm $6 boi k cho mét tdp diém hitu han. T) rong bai bdo nay chung 10i
chi ra cong thicc tinh chi s6 chinh quy cua dai s6 phdn bdc sinh ra boi cac dang tuyén tinh doi
ngau, sau doé ching téi xdc dinh vdn dé néi suy da thirc cho trieong hop nay ma né xdc dinh
duwoe nho viéc tinh chi sé chinh quy. Két qua cua bai bao nay dwoc trinh bay qua Dinh ly 3.2 va
Dinh Iy 3.3.

T i khéa: Chi sé chinh quy, da thurc noi suy, dang tuyén tinh doi nngu, bdc nhé nhat, béc
khoi dau.
thuan nhat khac khong thudc idéan nay,
ky higu o (13").

Nguoi ta da ching minh duoc van

1. GIOI THIEU
Cho Z={P,..P} la tap diém
trong khong gian xa anh P" va m,,...,m

1a cac sd nguyén duong. Van dé co ban
trong 1y thuyét ndi suy Hermite 1a xac
dinh bac bé nhit cia mét da thirc thuan
nhét ctiia vanh da thtc triét tiéu tai mdi
diém P dén m, lan v&i moi i=1,...,s.
Day 1a mot van dé kho. Trong truong hop
m, =...=m_ =k thi cic da thirc triét tiéu
it nhat £ 1an tai moi diém cia Z tao
thanh mot idéan 73" va dugc goi 1a idéan
Iy thtra hinh thtc bac k cua idéan
[,=1" cia Z. Van d& noi suy ¢ trén
doi hoi xac dinh bac bé nhét cia da thirc
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d8é nay cho cac truong hop ma s diém bé
hon s bién, ddc biét véi tap |Z|=n+1
diém khong suy bién trong P™ thi
a(lék))z{(n+l)k—‘.
n

Trong trudng hop s6 diém nhiéu
hon sb bién thi két qua dat duogc rat
khiém tén. Trong [7], Nagel va Trok da
chi ra bac bé nhét cua da thirc thuan nhat
triét tiéu tai moi diém P,i=1,...,s cia Z
v6i it nhidt m,  lan cho truong hop

|Z|=n+2 diém tuy y, khong suy bién va



truong hop |Z|=n+3 diém & vi tri tong
quat trong P".

Néu |Z|=n+2 diém tuy y khong
suy bién, d6i voi vi tri cua tap diém Z co
hai kha nang xay ra hodc Z & vi tri tong
quat hodc ¢6 j+2 diém cua Z nam trén
j - phang. Goi ¢ 1a s6 nguyén bé nhét sao
cho c6 #+2 diém nim trén ¢—phing.
Khi do
a(]ék)):[(2n+2—t)k_‘

2n—t
cha y rang néu r=0 thi Z nim & vi tri
téng quat.

Néu |Z|=n+3 diém & vi tri tong
quat, trong [7], Nagel va Trok da chi ra

duoc cong thirc tinh o ([ é")) nhu sau:

a(1P) = [M—‘ néu n chin va
n
k>0,
a(1¥) = th)(—n”)ﬂ néu n 1¢ va
n +2n-1

k chia hét cho %(n%r 2n+1)

(n*+n+1)(n°+2n-1)

hoiac k>
2(n+2)

Cho P 1a mot diém trong khong
gian xa anh P" véi toa d§ tuong ung la
(ay:a,:...:a,). Ta goi mot dang tuyén
tinh ¢,d6i ngiu véiPnéu /,cé dang
a,X, +ax, +...+a, x, trong vanh da thirc
R=k[x,,...,x,] trén truong k. Két hop

v6i d6i ngau Matlis-Macaulay cho ta mot
mdi quan hé giita idéan liiy thura hinh
thirc 7" véi cac idéan sinh boi Iy thira
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cua cac dang tuyén tinh déi nglu cua Z .
Cho Z={PR,.,P} la tip diém
trong khong gian xa anh P", goi 7/ ,..., 0,
1a cac dang tuyén tinh d6i ngdu véi cac
diém cua Z. Véi moi sO nguyén d, k-dai
s6 phan bac 4 =R/(€f,...,€‘;’) la mot
vanh Artin va ngudi ta quan tdm dén ham
Hilbert /,(j) = dim, [A]

j

Ta xé4c dinh bic 16n nhit cua j sao
cho phan phan bac [A]j #0. S6 nguyén
nay duoc goi 1a chi sb chinh quy
Castelnuovo-Mumford cua A4, ky hiéu la
reg(A4). Van dé tim bac bé nhat cua da
thirc thuan nhat triét tiéu tai moi diém cua
7 dugc suy ra truc tiép tir viéc danh gia
duogc reg(A4) thong qua B6 dé 2.1.

Trong bai bao nay ching to1 tinh
chi s6 chinh quy cua dai s6 phan bac xac
dinh boi cac dang tuyén tinh d6i ngau cua
tap 6 diém nam trén hai duong thing
chéo nhau, tiép theo chung tdi xac dinh
béac bé nhat cua da thirc thuan nhat di qua
tap diém nay du s6 boi.

2. MOT SO KET QUA PA BIET

B6 dé 2.1 ([7, Lemma 3.1]). Cho
Oyl € R=k[X,,....x,] 12 n+2dang
tuyén tinh téng quat. Cho d 1a sé nguyén
(n+1)(d-1)

2

(R0t )]1 = 0.

B6 dé 2.2 ([7, Lemma 3.2]). Cho
mot 5O nguyén d=2, x¢ét
B=R/(xg,...,xf). Khi dé chi s6 chinh

duong va r:{ J Khi dé
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quy cua B la r=(n+1)(d—-1). Hon nira,

ham Hilbert cua tang chat trén doan
{O, L%H N6 dat gia tri cuc dai tai g néu

« .. .r=1r+l .
r chan va tai Y néu 7 lé.

B6 dé 2.3 ([7, Theorem 2.1]). Cho
5.4, 1a cac ideal cta s diém phan
biét trong P" cac dang tuyén tinh ddi
ngdu twong tung /,,..f,,eR. Cho
(65,02 )< R a ideal sinh boi Iy
thira cta cac dang tuyén tinh véi a,...,,
1a cac sb nguyén dwong. Khi dé v6i mdi

= —1+max{al,...,as},

dim| R/ (71,....05 )l = dim, {ﬂ go{_“’“} .
<)

J
3. CHI SO CHINH QUY VA NOQI SUY
PA THUC CHO TAP PIEM NAM
TREN HAI PUONG THANG

Trong phan nay chung t6i tim bac bé
nhit cta da thic thuin nhit cho mot
truong hop cia tap 6 diém khong nam 6 vi
tri tong quat trong P°. Trong khong gian
xa anh P°, xét hai tdp hop diém
X,={P,P,R} v X,={R,P,P| nim
trén hai duong thing chéo nhau d, va d,.

Trudc tién, ta nhic lai mot sd khai
niém vé& tap diém trong P". Cho
Z={P,..,P} la tap diém trong khong
gian xa anh P", goi /,...,/ la cac dang
tuyén tinh ddi ngdu voi cac diém cua Z .

Tap diém Z duoc goi 1a khong suy
bién néu né khéng nam trén mot siéu
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phéng. Tap Z dugce goi la & vi tri téng
quat néu khong co j+1 diém ndo cta Z
nam trén j-phang. /,,..,/, duoc goi la
cac dang tuyén tinh tong quat néu tap
diém Z ={R,...,P} ¢ vi tri tong quat.

Két qua sau day duoc st dung dé
ching minh cac két qua chinh cua bai
bao.

B6 dé 3.1 ([7, Proposition 3.3]).
Cho (,,...,0,, € R=k[xy...x,| la n+2
dang tuyén tinh tong quat. Véi moi sé
nguyén d thi

reg R/(E‘f,...,ﬁiﬁ) = [

Churng minh:

Dit r{(mz;(d—l)}

B=R/(t,04,....07 ) vaxét nh xa bdi

x(4.,:[B] _, —[B], . Ham Hilbert cia B

n+2 *

(n+2)(d- 1)}
— |

1a ham dbi ximg, tac 1a

h,(j) =h,((n+1)(d-1)—j), véimoi;. Do
d6 theo BO dé 2.2 ta 6 h(r—d) < h(r).
Xét day khép

0—>[B] ,—=[B] —>[B/4,B] >0

n+2

suy ra hy(r)=h,(r-d)+h, , (r) hay

hg/g;j+23 (r)=h,()-h,(r-d)=0. Vi vay,
reg(B/ (¢ B)>r.
Do B/I!,B=R/(],05,..,02.,).

T B6 dé 2.1, ta ¢6
reg (R (£, 14,00 17..) =[W}
Pinh ly 3.2. Trong khong gian xa

anh P, xét hai tip hop diém



X, ={P.P,P} va X,={P',P',.P}
nam trén hai dwong thing chéo nhau d,
va d,. Goi 0,0 ,1,j=1,2,3, la cac dang
tuyén tinh doi ngdu cia cdc diém
P.P'.i,j=1,23. Cho d la mot s6

nguyén dwong. Khi do

regR/(ef,f‘g,f‘;’,f'f,e'j,fj)=2[@}.

a)d=2t-1:
reg R/(£4,05,09.0 05 .0{)=3d -3.

b) d=2t:
reg R/(07,05,05,07 03 0} )=3d -4,

Chitng minh: Xét duong thing d,,
bang phép bién d6i Cremona ta co thé gia
str rang cac diém P,B,P, 1a cac diém
tinh
P'=V(x,x,), nghia 1a cic dang tuyén

phu thudc tuyén sinh ra
tinh d6i ngau 1a ¢,,¢,,¢, ek[x,,x]=S.
Tuong ty, ta cling c6 P,P,P 1a céc
diém phu thudc tuyén tinh sinh ra
P'=V(x,x), nghia la cic dang tuyén
tinh d6i ngdu 1a ¢,,¢,,/; e k[x,,x,]=S".
Do d,,d, 14 hai duong thiang chéo nhau
trong P’ nén ta co
R/(e], 09,0907, 05,07)

=S§/(0],05.05)®, S(0, 05,07,
suy ra
reg(R/(¢],09,05,0,05,0¢))
= reg(S/(],04,09))+reg (S (0, 04,07)).
Tu Bo de 3.1 tacod
reg(R/(£1, 04,04, 0, 05,0))
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_|:3(d—1):|+|:3(d—1):|_2|:3(d—1):|
| 2 2 | 2

a) Néu d =2¢—1 thi
2{3(d—1)}:2[3(2t—1—1)} :2{3(%—2)}
2 2 2

=2[3(t-1)]=61-6=3d -3
b) Néu d =2t thi

|:3(d2—1):|=2|:3(2;—1)i|=2|:6l‘2—3j|

2{3t—2+%} =2(3t-2)=3d—4

o

:2{3t—2+%}:2(3t—2):3d—4.
Dinh ly 3.2 da dugc ching minh O

Bay gio, xét Z={P,..,P} la tap
diém trong khong gian xa anh P" Goi
-0, 12 cac ideal nguyén té thuan
nhét x4c dinh bdi cc diém P, j=1,...,s.
Cho m,,...,m, 1a cac s6 nguyén duong,
ideal 7 =" N...Np™ gbém cac da thic
f €R triét ti€u tai P, véi s6 boi >m l
lan. =@ 20l la mdt ideal phan bac, goi
¢ 12 s6 nguyén bé nhit sao cho , #0 thi
bac bé nhét cia da thirc thuan nhat triét
tiéu tai moi diém cua Z véi boi 16n hon
béng m;,j=1,..,s dugc goi 1a bac khoi
ctia mot ideal thudn nhat cua 70, ky
hiéu a(7) , tuc la

a(l) = min{j € Z|[I]; # 0}.

Tur Bo dé 2.1 ta thay dugc moi
quan h¢ gitra reg(4) va a(/). Vi vay,
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néu tinh duoc reg(4)ta xac dinh duoc
bac bé nhat ctia da thirc thuan nhat di qua
cac diém ciia Z voi sb boi twong tng.

Tiép theo, chiing ta tim bac bé nhat
cia da thic thudn nhat di qua cac diém
du s6 boi trong P*.

Pinh ly 3.3. Trong khong gian xa
anh P°, xét hai tdp hop diém
X, ={P.P,P} va X,={F,P,P| nim
trén hai duong thang chéo nhau d, va d,.

Xét tap diémZ={R.P,.P,F.P,P,}.
Khi d6 véi moi s6 nguyén k >0,

2]

Churng minh.
Tu Bb dé 2.3 ta co

[Ri(el gt et )] =[] .

(i) Néu d =2t thi
reg(R/ (04,04, 04,0 0 1)) =3d—4.

Ta (1) va B d& 2.1 ta co
j<3d-4 (2), thi [J;J“-d)]j 0. Dat k =
jt+i1-d hay d=j+I1-k. Tu (2) suy ra

J<HI-k)-4 o ekl gy
3k+1
cap)-[31].

(i) Néu d = 2t1 thi

reg(R/ (£9,04,04,0%,0'9,0'7)) =3d-3.

Lién hé:
TS. Trian Nam Sinh

Tir (1) va B6 dé 2.1 ta co j<3d-3 (3),

thi [79""] #0. Dat k=j + I-d hay
J

d=j+1-k. Tu 3) suy ra j<3(G+1-k)-3

3k 3k
o j>=—. Vay, a(¥)=| = |.
J 5 ay, a(l;’) ’7 > —‘
Dinh ly 3.3 da dugc chung minh. m]
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