TAP CHI KHOA OQC VA CONG NGHE BAI HOC QUANG BINH, SO 12

MOT SO NHAN XET VE - PAO HAM VA 3 -DUOI VI PHAN

Phan Trong Tién
Truong Dai hoc Quang Binh

Tom tit. Bai viét trinh bay méi quan hé g ira cdc § — dao ham, cdc dao ham quen thudc, chi
ra cdc vi du vé ham kha vi theo B — dao ham nay nhung khéng kha vi theo B — dao ham
khdc, cdc tinh chat cia dwéi vi phin 8 — nhot.

Tir khoa: [ — khd vi, dwoivi phan [ — nhot, trén vi phdn [ — nhot.

1. GIOI THIEU

Pao ham 13 mot cong cu quan trong cla giai tich, ¢6 nhiéu khai niém dao ham
nhu dao ham Fréchet, dao ham Hadamard, dao ham Hadamard yéu, dao ham Gateaux.
Tuy theo dic diém nghién cru ma ta quan tdm dén cac dao ham tuong ung. Trong (mg
dung (Iy thuyét nghiém nhét ctia phuong trinh Hamilton-Jacobi va 1y thuyét diéu khién
t6i wy, ...) 16p ham tron thoa méan yéu cau 1a rat it, vi vy nguoi ta mo rong cac khai
niém dao ham bang cac khai niém trén va dudi vi phan trong tmg. Cho dén nay, da c6
rat nhiéu két qua, cong trinh vé céc tinh chat dinh tinh cta cac khai niém nay (xem [4],
[6]). Vai trd quan trong cua dudi vi phan con dugce khang dinh qua céc ung dung y
nghia ciia chiing d6i véi 1y thuyét tdi wu, 1y thuyét nghiém nhét ctia phuong trinh dao
ham riéng ... (xem [1], [2], [3], [4] va céc tai liéu trich dan trong d0).

Trong [7] céc tac gid Borwein va Zhu da dua ra khai niém borno—/, né la su
tong quat hoa cho cac t6 pd thuong gip trong giai tich khong tron. Viée sir dung khai
niém nay hét sirc linh hoat, d6i véi timg 16p cac tap con ciia khong gian thi duge ham
kha vi va cac duéi vi phan khac nhau ctia ham s nham dép tmg nhiing yéu cau khac
nhau cta dudi vi phan va phuong trinh dao ham riéng phi tuyén cap 1 va ly thuyét diéu
khién t6i wu.

Noi dung bai viét gdm hai phan: Phan 1 trinh bay mdi quan hé giita tinh
B —kha vi ciia ham sd; mdi quan hé ciia cac dao ham Fréchet, Hadamard, Hadamard
yéu, Gateaux. Chi ra cac vi du vé ham kha vi theo B nay nhung khong kha vi theo
S khéc; Phan 2 trinh bay dudi vi phan S —nhét. Trong nghién ctru nay dudi vi phan
duogc trinh bay theo nghia nhét (nd dugc tmg dung nhiéu trong 1y thuyét phuong
trinh Hamilton-Jacobi), dudi vi phan nay khéc véi dudi vi phan dugce dinh nghia theo
giéi han. Nghién ctru ciing dua ra mdi quan hé ciia cac dudi vi phan B —nhdt, cac
tinh chat dinh tinh cta cac dudi vi phan ndy. Trong cic tai liéu tham khao vé
borno £, f—kha vi, dudi vi phdn £ —nhdt, cac tdc gid chi trinh bay khai niém chu
khong néu cac tinh chét cua dudi vi phan va dao ham. Nhing két qua duoc trinh bay
trong bai bao nay 1a két qua duoc chimg minh trén co so tim hiéu nhiing tinh chét
thuong thay ciia dao ham va dudi vi phan (Nhan xét 2.3; Dinh Ii 2.12; Nhan xét 2.13;
DPinh 1i 2.15). Pinh 1i 2.16 1a sy mo rong ctia Pinh li 2.1 trong [10].
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2. NOI DUNG

Cho X 13 khong gian Banach véi hinh cau dong don vi B va X" 1a khong gian
doi ngﬁu cua no. Ta ky hiéu <x*,x> dé chi gid tri cia x e X tai x, tic la
<x*,x> =x'(x). Trén khong gian X néu chuin khong tron nhung c6 mot chuan
trong dwong véi chuan S —tron thi ta sit dung chuén twong duong nay. V&i mdi
ham sb nhan gia tri thyc mé rong va quy wdc 1a nira lién tuc dudi (trén) thi khong
dong nhat bang +oo(—0) va khong nhén gia tri bang —oo (+0). Trong bai viét nay,
khi n6i dén mot ham thi duoc hiéu 13 ham d6 xac dinh trén khong gian Banach X va
nhén gia tri trong tap s6 thuc mo& rong R.
2.1. Tinh £ —Kkha vi
Pinh nghia 2.1 ([7], tr. 1569). Mot borno B trén X 1a mot ho nao do cac tap con
doéng, bi chdn va doi xtng tdm cta X thda man ba diéu kién sau:

Dx=Js,

Bep

2)Ho £ d6ng kin d6i véi phép nhan v6i mot vo hudng,

3) Hop ctia hai phén tir bat ky trong S déu chira trong mot phan tir ctia f3.
Giasir f,,feX . Tanoi f, hoituvé f dbi véiborno £ néu f, — f déu trén
moi phﬁn tir cua S, co6 nghia la voi moi tdp M € f vamoi ¢ >0 cho trude c6 mot
sO n, € N sao cho v61 moi m >n,, moi x e M thi |fm(x)—f(x)| <é&.

Cho m¢t borno £ trén X, ky hiéu 7z, la topd trén X " v6i su hoi tu déu trén f tap
hop. Ky hi¢u X; la khong gian véc to topd (X*,Tﬂ).
Ta dé dang kiém tra dugc:

I)Ho F tat ca cac tap con dong, bi chan, dbi xung tdm cia X 1a mdt borno va
goi la borno Fréchet; dugc ky hiéu 7.

2)Ho H tAt ca cac tdp con compact, ddi xtng tam cua X la mot borno va goi
la borno Hadamard; duogc ky hiéu z,,.

3) Ho WH tit ca cac tap con compact yéu, dong, ddi xtmg tdm cia X 1a mot
borno va goi la borno Hadamard yéu; duoc ky hi¢u z,,,,.

4)Ho G tat ca cac tap con hitu han, dbi xung tam cua X 1a mot borno va goi
la borno Gateaux; duoc ky hiu 7.
Pinh nghia 2.2 ([7], trang 1569). Cho ham f xéc dinh trén X, ta noi rang f la
P —khavitai xe X vacd f—dao ham Vﬁf(x)eX* néu f(x) 1a hitu han va

J(x+tu)— f(x) =KV, f(x),u) R
t

0
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khi 1 —>0 déu trén u eV véibatky V e B. Ta néi rang ham f 1a S —tron tai x
néu V o f X > X ; 1a lién tuc trong lan cén cua x. Khi borno £ duogc thay bdi cac
ho: F, H, WH, G thi ta c6 cac khai niém dao ham tuong ung: Fréchet, Hadamard,
Hadamard yéu, Gateaux.

Theo dinh nghia ta c6: néu S, — S, thi tinh B, —kha vi kéo theo tinh 3, —kha
vi. N6i riéng néu S 1a borno batky va f 1a f—kha vitai x thi f Gateaux-kha vi
tai x, f Fréchet-kha vitai x thi f 1a f—kha vitai x.
Nhin xét 2.3. Ta dé dang c6 duogc cac két qua sau:

1) Néu f, g 1a hai ham B —kha vi tai x thi f+g la f—kha vi tai x va
Vﬂ(f"'g)(x): Vﬂf(x)+vﬁ’g(x)‘

2) V6i e R, f la mot ham kha vi tai x€ X thi ham a f cling kha vi tai x
va VvV (af)(x)=aV ,f(x).
Nhén xét 2.4.

1) Ta ¢6 bao ham thuc 7, c 7, c 7, C7,.

Vi moi tap hitu han déu 1a tap compact, moi tap compact la tap compact yéu,
moi tdp compact yeéu déu bi chan.

Tir ddy ta c6: tinh Fréchet-kha vi = tinh Hadamard-kha vi yéu = tinh
Hadamard-kha vi = tinh Gateaux-kha vi.

2) Néu X la khong gian phan xa thi tinh Fréchet-kha vi < tinh Hadamard-kha
vi yéu. Vi trong khong gian phéan xa tdp dong va bi chan khi va chi khi compact yéu.

3) Néu X =R”" 1a khong gian hitu han chiéu thi tinh Fréchet-kha vi < tinh
Hadamard-kha vi yéu < tinh Hadamard-kha vi. Vi trong khong gian hiru han chiéu
mot tap dong va bi chan khi va chi khi no 1a tap compact.

4) Néu X =R thi tinh Gateaux-kha vi va tinh Fréchet-kha vi tring nhau. Vi
khi d6 ham £ kha vi bén trai va bén phai tai diém x nén no6 Fréchet-kha vi tai x.

Duéi day l1a cac vi du dé chiéu nguoc lai cta 1) trong Nhan xét 2.3 1a khong
dang.
Vi du 2.5. (Ham Gateaux-kha vi nhung khong Fréchet-kha vi)

2
X

Choham s6 f: RxR >R véi f(x,y)=1 x°+y°
0 néu (x,y)=(0,0).
f(0,0) +1(x, )~ 1(0,0) _,

t
0,0 +1(x, )= f(0,0)| _ |a’y| _|ay| 2"

t T vl
Do d6 véi (x,y) thude mot tap hitu han nao do, véi moi € > 0 thi ta tim dugc 6 >0
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2
sao cho v6i moi ¢ € (0,5) thi || |"—| < &. Theo dinh nghia, ham f 1a Gateaux-kha vi
y

tai (0,0) va V,,£(0,0) = (0,0). Nhung

S0+ -£0.0 ¥y

‘ x4+’ ‘ (V* +x X2+

SO0+ (y ) fOO| 1
X +y? ‘ V2

Do d6 f khong Fréchet-kha vi tai (0,0).

Theo Nhén xét 2.4 thi f khong Hadamard-kha vi yéu va ciing khong Hadamard-kha

viviham f xac dinh trén khong gian hiru han chiéu R*.

Vi du 2.6. (M6t ham Hadamard-kha vi nhung khong Hadamard-kha vi yéu)

Chon (x,,,) = (-, thi
n n

Xét trén khong gian Hilbert /% = {x =(x,),:x, € R, x2< +oo}.

n=1
Xét hé cac véc to {e ,n eN}cI* véi e, =(0,..,0,1 ,0,...). Ta xa4c dinh mot ham

f:I’ > R dugc cho boi f(x):sup{2<en,x>—l}.
n

Ta ¢ f(0)=0 va |f(x)—f(y)|§s1i?{|2<en,x>—2<en,y>|}sz||x—y|| véi moi

x,y€l’. Nén f la ham lién tuc Lipschitz trén /°.

Vi x=(x,),el’ thi ixj<+oo nén limx, =0 ma [(e,x)|<|x,| nén
pa n—w

lim{e, ,x) =0, tacod f(x)22(en,x>—l voimoi neN nén f(x)>0 véimoi xel’.
n—»0 n

Ta s€ chitng minh f 1a Hadamard-kha vi tai 0 va f”'(0) =0, xét tap con compact V

cua /*. Véi moi £>0, ton tai hitu han cac diém u,...,u, trong I* sao cho

Vcul Bu,s/2) trong d6 B(u,r) la hinh ciu mo tim u va ban kinh 7> 0 trong
. V&i mdi i =1..m, ton tai n(i,&) sao cho |<en,u,.>|£ /2 véi moi n>n(i,e). Léy

n(¢) =max,_, n(i,&). Véimoi n>n(e) vavoimoi velV. Taco

|(en,v>| <

(en,v—ul.)|+|(en,ul.)| <é&.

1 .
Do do 2(e,,tv)——<2¢|t| véimoi te R,veV va n2n(¢).
n

BétK:1+sup{||v||:veV}, voivelV va|t|< taco

1
Kn(¢)
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1
n(e)

<0.

e, tv)—~ <2V} -
n

Do d6, khi | ¢]<

1
)Vél vel thi f(tv)=sup{2<en,tv>—l}£28|t|.
£ n

n=l1

<2¢, néu |t|< vavel.

Suy ra Osif(OHV)_f(O)I: AGY)
{ t

2Kn(¢)

Hay lim =0 déutrén veV.

t—0

Vay ham f Hadamard-kha vitai u =0va f'(0)=0.

SO+)-f(0)
t

/4 N . 4 2 . 1 *
Ta thay rang (e,), hoi tu yéu vé 0 trong /°, xét ddy (¢,), v6i t, =—,ne N, 10 rang
n
t —0. Néu f 1a Hadamard-kha vi yéu tai u =0 thi

fO0+1,e)-f©0) _ flt,e,)
t t

n n

M:nf{e—"j :nsup{2<em>&>_l}zn{2<en’e_n>_l}
L n m21 n m " "

vo1i moin>1.

— 0 khi n— .

Nhung

Do d6 f khong Hadamard-kha vi yéu tai u = 0. Vi [?, 1a khong gian phan xa nén f
cting khong Fréchet-kha vi tai u =0.

Vi du 2.7. (Him Hadamard-kha vi yéu nhung khong Fréchet-kha vi)

Xét X =1'(N) v6i ham chudn dugc xéc dinh ||x]| ="

n=0

Theo Vidu 1.6, ¢) trong [5] thi ham chuan |||| duoc xac dinh nhu trén la Gateaux-kha

x,|

vi tai cac diém xe/'(N) ma x, #0,ne N va khong Fréchet-kha vi tai bat ki diém
nao.

Theo tinh chit cia chuan thi |||| la mot ham Lipschitz, vay theo Nhan xét 2.4 thi tinh
Gateaux-kha vi va Hadamard-kha vi ctia chuin |||| tring nhau. Vay ham chuan |||| la
Hadamard-kha vi nhung khong Fréchet-kha vi.

Theo [[8], trang 1124] thi trén khong gian /' tinh Gateaux-kha vi va Hadamard-kha
vi yéu cua mot ham s tring nhau. Nhu vdy ham chuan |||| 1a Hadamard-kha vi yéu
nhung khong Fréchet-kha vi.

Duéi day 1a két qua vé tinh Gateaux-kha vi va Hadamard-kha vi ctia ham Lipschitz.
Pinh nghia 2.8. Him f:X — R duogc goi 1a Lipschitz dia phuong tai xe X néu
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tén tai & >0 va hing s K sao cho
| FO) = (o) [ K [, = x, |, ¥, x, € B(x, 6).
Trong d6 B(x,d) 13 hinh cau mo tdm x ban kinh &.
Vi du 2.9. Néu f:X — R 1a ham Lipschitz dia phuong tai x thi ham f Gateaux-
kha vi tai x khi va chi khi Hadamard-kha vi tai x.
That vay, néu f Hadamard-kha vi tai x thi hién nhién f Gateaux-kha vi tai x.

Nguoc lai, gia st rang f 13 ham Géteaux-kha vi tai .

Vi f la ham Lipschitz dia phwong tai x nén ton tai 0, >0 sao cho

|f(x1)_f(x2) |S K~||x1 X

, VX, X, € B(x,r).

& \
AT Vi Ve XEUVB(x, 7)

nén ton tai hiru han hinh cau B(x,,r,),i =1,2,...,n sao cho V c U B(x,,r,).

Véi V' 1a tap compact trong X, >0 dat r, =

Lay tap hiru han, di xtmg tdm U chira X,,X,,..., X, , theo gia thiét f l1a Gateaux-kha

vi tai x nén ton tai 0, >0 sao cho, vé1imoi ¢ € (-9,,9,), moi y €U thi

|f(x+ly)—f(x)_<
t

VGf(x)’ y>

g
<—.
2

Noi riéng
|f(x+ox)—f(x)

| t

(Vo f(x),x,)

g .
<—,i=1l....,n.
2

h

1+ r, + max {||xl.

bat 5=min{r1,r2,§o, — , V61 moi u €V thi ton tai i, sao
= ,..,n}

cho u € B(x, ,r,).
V61 moi ¢ € (—0,0) tacd danh giad

£|t|. (r2 + max {”xl.

X+tu—x|=|t(u—x,)+tx J=1.,ny)<r
Iy ) 1

va Htxl.0 H <r. Ta phan tich

f(XHL?_f(x)—(ch(x),@: f(x+tu)—tf(x+tx,.0)+<ch(x),xio _u>
+f(x+tx";)_f(x)—<VGf(x),xi0>

Do tinh Lipschitz cia ham f nén
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| f(x+au)~ f(x+ix,)|

SK”u—xi HSK.rz;
| ' | °

lai c6 danh gia
KVGf(x), X, = u>‘ < ||VGf(x)||.r2
Nén

< r2(K+||VGf(x)||)+§< §+£

= ¢&.

VGf(x)a u>

Vay f la Hadamard-kha vi tai x.

|f(x+tu)—f(x)_<
| t

2.2. Duwéi vi phan £ —nhét

Dinh nghia 2.10 [Dinh nghia 2.1, [7]]

Cho f:X — R la mot ham nira lién tuc dudi va f(x)<+oo. Ta ndi rang f 1a khd
diedi vi phdan B—nhét va x* 1a mot dwdi dao ham B —nhdt cia [ tai x néu ton tai
mot ham Lipschitz dia phuong g:X — R saocho g la f—trontai x, V,g(x)= X
va f—g dat cyc tiéu dia phuong tai x.

Ta ky hiéu tap tit ca cac dudi dao ham S -nhét cua f tai x 1a D,f(x) vagoila
duwoi vi phdan [ —nhot cua f tai x.

Cho f:X — R la mot ham ntra lién tuc trén va f(x)>—o. Ta ndi rang f 1a khd
trén vi phin [ —nhét va x* 1a mot trén dao ham f—nhét cia f tai x néu ton tai
mot ham Lipschitz dia phuong g:X — R saocho g la f—trontai x, V,g(x)= X
va f —g dat cuc dai dia phuong tai x.

Ta ky hiéu tap tat ca cac trén dao ham £ —nhét cua ftai x 1a Dy, f(x) va goila trén
vi phdn f —nhot cua f tai x.

Nhan xét 2.11. Trong [[7], Chu y 2.2] cac tac gia da dua ra mot dinh nghia theo gidi
han cua trén vi phan f—nhotcua f tai x latap 0,/ (x) nhu sau:

x €0, f(x) néuvéimoie >0, véimoi V e S, ton tai 7 > 0sao cho

f(X+tht)_f(X)_<X*’h>>_8’ Vte(()aﬂ)a heV.

Ta c6 thé kiém tra duoc rang D, f(x) c0,f(x). Trong [5] céc tac gia chi ra ring
D, f(x)=0,f(x) trong truong hop khong gian X ton tai mot ham bump 1a
Lipschitz va Fréchet-kha vi. Tuy nhién hai khai niém nay 1a khac nhau.

Xétham f trong Vidu 2.5, datham g(h) =—|f(h)— f(0)=V . f(0)h| =—|f(h)|.

Khi do
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1) 0;¢(0) = {0};

2) D.g(0)=2.
That vdy, ta kiém tra duoc V :£(0)=0 do do 0,g(0)={0}. Ta lubn co
D_.g(0)c0,g(0) nén hoac D_.g(0)={0} hodc D_.g(0)=%. Néu D_g(0)={0} thi
ton tai ham Lipschitz dia phuong va Gateaux-kha vi k sao cho k(0)=g(0)=0,
V:k(0)=V,,g(0)=0,va k<g trong mot lan can ctia 0. Vi k 1a mot ham Lipschitz
dia phuong va khong gian R? hiru han chiéu nén & 1a Fréchet-kha vi tai 0. Nhu vay

£ (0+h) = f(0)=V . f(0)A ok -k(0) _ [k ()~ k(0)]
7] I -

Do d6 f la Fréchet-kha vi tai 0, diéu nay mau thuan véi két qua cuia Vi du 2.5.
Dinh li 2.12.

1) Néu B c B thi D, f(x) =Dy, f(x) noi riéng
D f(x)cD,f(x) < Dgf(x) véimoi borno .

2) Néu f 1a ham nira lién tyc dudi, f(x)hitu han va D, f(x), D, f(x) la hai
tap khac rong thi f 1a £ - kha vitai x.

That vay, gia st x e Dyf(x) va X, € D, f(x). Khi do ton tai cac ham 2,9,
Lipschitz dia phuong va S —tron tai x, x, =V 58 (x) va x, =V 58,(%), f—g, dat
cuc dai dia phuong tai x, f—g, dat cuc tiéu dia phuong tai x. Khi d6, ton tai
0,,0, >0 sao cho

F) =g ()= f(x)-g(x),Vy € B(x,6)

J() =8, (») 2 f(x)~g,(x), Vy € B(x,9,)
liy & = min(d,,0,) tacod g,(y)—g,(y)<g,(x)-g, (), Vye B(x,0) hay g,—g, dat
cuc tiéu dia phuong tai x. Theo dinh nghia dudi vi phan S —nhét ta co x, € {x}
hay x, =x, goi phan tir nay [a x".
Vi g,,g, 1a f—khavitai x nén véimoi V € B, moi ¢ >0 tdn tai 5 >0 sao cho véi
moi ¢ €(—0,0), moi yel thi

|g1(x+ly)_g1(x) _<x*’y>

|g2(x+ly)—g2(x) e
t (x'.)

<& va x,y)|<e.
t

Suy ra

[T ()< RO (- ),

va
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Sx+ty)— f(x) _<x*,y>2 & (x+1y)—g, (%) —<x*,y>>—8

4 t

nén
If(X+lyt)—f(X)_<x*’y>
3) Néu B cpB, va fla B-khavitai x va f kha dudi vi phan S, -nhét tai x
thi D, f(x)={V,f(x)}. Diéu nay 1a hién nhién vi néu x eDj f(x) thi
x e D, f(x). Theo dinh nghia duoi vi phan £ —nhot, ton tai ham g Lipschitz dia

<é&.

phuong, f, — trontai x, Vﬁlg(x): x.Vagla B, —kha vi tai x nén v61 moi ¢ >0,

moi V < 3, tdn tai § >0 sao cho

_8<g(x+ly)—g(x)_<x*’y><&
t

Mat khac f(x+ty)— f(x) = g(x+1y)—g(x) nén

f(x+lyt) - f(x) WERS g(x +tyt)—g(x) ~(x',y)> -z

Do d6 <x*,y>< f(x+lyt)—f(x)+&

Ham f 1a B —kha vi tai x nén <Vﬂ1f(x),y>>f(x-Hyt)_f(x)—g.

Suy ra <x*,y> —<Vﬁlf(x),y> <2¢ dodo x =V, f(x).

4) Dy f(x)+Dyg(x) < Dy(f + g)(x).

Thét vy, 1dy peD,f(x),q € Dyg(x) khi d6 ton tai hai ham Lipschitz dia
phuong A,h, sao cho #,h, la p-tron tai x, V, h(x)=p,V,h(x)=qg va
f —h,g—h, dat cuc tiéu dia phuong tai x. Suyra f+g—(h +h,) dat cuc tiéu dia
phuong tai x. Do do V ;(h +h)(x)= p+q e Dy(f +g)(x).

5) D, f(x) 1a mot tap 16i.

That vay, voi p,q e D, f(x), a<€(0,1). Khi do ton tai hai ham gh: X >R
Lipschitz dia phuong tai x sao cho g, la f—trontai x, V,g(x)=p, V, h(x)=¢q
va f —g,f —h dat cuctiéu dia phuong tai x.

J)-g() 2 f(x)-g(x), Vy € B(x,r), (1)
J) =h(y)z f(x)=h(x) Vy € B(x,r), )
voi >0 nao do.
Nhan bat dang thire (1) véi a va (2) v6i 1 —a roi cong theo vé ta co
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fO)—-lag+(A—a)h](y) > f(x)—[ag+ (1 —a)h](x) v6i y & trong mot 1an can cua x.
Suyra V [ag+(1-a)h](x)e D, f(x), hay ap+(1-a)ge D,f(x).
Theo Nhan xét 2.4 ta ¢6 cac két qua sau:
Nhén xét 2.13.

1) Dy f(x) © Dy, f(x) < Dy, f(x) < D f (x).

2) Néu X 1a khong gian phan xa thi D, f(x) = D,,,, f(x).

3)Néu X =R" thi D, f(x)=D,, f(x) =D, f(x).

4)Néu X =R thi D, f(x) =D, f(x).
Du6i dy 1a mot s0 nhan xét vé dudi vi phan ctia ham 16i. Trudce hét ta nhac lai khai
niém quen thudc vé dudi vi phan cua ham 161.
Dinh nghia 2.14 ([9], Dinh nghia 1.9). Néu f la m{t ham 161 x4c dinh trén tap 161
C va xeC, dudi vi phan cua ham f tai x la tap Jf (x) gom tat ca cac phan tu
x € X théamin <x*,y—x>£ f()-f(x), VyeC.
Pinh li 2.15. Néu f 1a mot ham 16i xac dinh trén tap 16i C va x € C, véi moi borno
B thitaco Dy f(x)=Dgf(x)=0f(x).
Chirng minh.
Theo 1) trong Nhén xét 2.12 thi D, f(x) < D f(x). Nguoc lai, néu x" e D f(x) thi
ton tai mot ham Lipschitz dia phuong g sao cho g 1a f—tron tai x, V g(x)=x
va f —gdat cuc ti€u dia phuong tai x (ta co thé xem f(x) = g(x)). V6imoi yeC
ta cod

€)

Mit khéc, voi £ € (0,1) ta cé biéu dién x+t(y—x)=(1—-t)x+1ty vado f 1a ham 15i
nén

<x*,y—x>=lim gx+t(y—x))—g(x) < lim f(x+t(y—x))_f(x).

1—0" t t—0" t

fOrty =) A= f () +1 ()
& e+ ty=0)= (D) S (W)~ (@)
S LEHOZNIW ) i,

Suy ra

fim fe t(y_tx)) =IO ¢ py)- fix). @)

Tir 3) va (4) taco (x',y—x)< f(y)—f(x) VyeC. Do dé x" edf (x).

Néu x" €df(x) thi chon ham g(x)=(x",y—x)+ f(x), khi d6 g la mot ham
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Lipschitz dia phuong g sao cho g 1a f—tron tai x, V,g(x)= x va f—g datcuc
tiéu dia phuong tai x. Hay x" € D} f(x) nén of (x) = D, f(x).

Mot két qua vé dudi vi phan S —nhét ciia ham khong tron duoc thé hién trong Dinh
li duéi day. Két qua nay dugc phat biéu cho dudi vi phan S —nhét, ddy 1a sy mo
rong cho Pinh Ii 2.1 trong [10] ma & d6 két qua duoc phét biéu cho dudi vi phan
Fréchet.

Pinh li 2.16. Cho X 1a mot khong gian Banach véi chuan twong duong voi chuan
p—tronva f,..., f,: X - R la N ham ntra lién tyc duéi, bi chdn duéi thoa man:

N
liminf{an(xn) diam(x,,...,x, ) < 77} < 400,
n—0 el

Khi d6, v6i moi & >0, ton tai x, € X,n=1,...,N va x, € D, f,(x,) thoa mén

* *
x| X, H) <e,

(i) diam(xl,...,xN).max(l,

PRXETY

(i) 3/, <inf 3 £,()+ .

N
*
2%,
n=1

Chitng minh.

(111)

<é&.

V&i mdi sb thue ¢ > 0, ta xac dinh ham w X ¥ 5 R cho boi

>

n,m=1

2
T

0, ) = 3 113 1

bat M, =infw,, khi do6 M, don di€u tang theo ¢ va bi chdn trén boi

N
= }}_gglnf{;ﬁ(xn): diam(x,, ..., x, ) < 77}.

That vy, voi € >0 bat ky, ton tai 1, >0 sao cho véimoi 0 <7 <n, thi

inf{ifn(xn): diam(x,,...,x,) < 77} <a+e.

n=1
Chon 77 €(0,7,) théamin t.N>.n* <&. Khi d6, ton tai y,,...,y, sao cho
N N
diam(y,,..,y,)<n va Y f.(,) <inf{2fn(xn) . diam(x,, ..., x, ) < 77}+ s.

n=1 n=1

N
Theo cach chon 7 G tréntaco 1 ) ||y, - ym”2 <& nén

n,m=1
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N
n,m=1

an(yn)w

N
v =l < inf{an(xn): diam(x, ..., x, ) < ,7}+2g <a+3e.
n=1

Dodé M, <a+3¢, ma £ >0 bitkynén M, <a.

Piat M =lim M,. Trén khong gian tich X" c6 mot chuan tuong dwong véi mot

t—+00
chuan 4 —tron. Véi mdi ¢ >0 ap dung nguyén li bién phan tron [6] cho ham W, ton

tai mot ham ¢, 16i, C' va x',n=1,.., N sao cho w, +¢ dat cuc tiéu dia phuong tai

&
(X] 5oy X ), ‘Vﬂ@ (xf,...,xjv)u <y v

wt(xl’,...,xjv)<infwt+%£M+%. Q)

e X A t t t t t t t t
Voé1imol n, ham y = W (X[, X, VX, aeees X ) F D (X et X, s Vo X5y Xy)

dat cuc tiéu dia phuong tai y =x'. Nhu vay, v6i n=1,.., N thi

t

N
X =V (X)) =200 VI (= x) € Dy £,(2). (6)
m=1

N N N N
Dodd Y x) ==V, ¢ (x{sesxy) =200 DV, [ (xf =)
n=1 n=1

n=l m=1

Vi

N
*
Z x”r
n=1

Theo Pinh nghia M,, két hop véi (5) ta co

<& va Vﬂ”.”z(x;—x,’n)+Vﬂ||.||2(xfn—x;)=O nén

N
—zvﬁxnﬁ(xf,...,xjv)
n=1

<é&.

t 2 2

t & 2 |
Mt/zSwl/z(xf,...,xﬁv)zwl(xf,...,xjv)——Z X —x SM:"““Z X
2n,m—1 t 2n,m:1

t t

n m

ul 2
Dodo ) =0.

n,m=1

t t t t
xﬂ _xm xn _xm

t—>+0w0

2 1 : . u
< Z(Mt -M,, +—J nén ta cé két luan lim ¢ Z
t n,m=1
Suy ra lim diam(x;,...,x} ) =0.
t—+0

Mt khic ta c6 danh gia [V , ||| ()] < 2. x| nén tir cong thire (6) ta 6

[ [ <9 Gt |+ 26 [ SV I )
m=1
Si+2tﬁ:2 x=x Si+4tN diam(x’ X )
N poar n m N 1° VN
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)=o0.

. *
suyra lim Xy

t—+w0

geeey

* , - . *
X, H =0 do do lim dlam(xl’,...,xjv ).max (Hxl
! t—>+0 !
*
Xy H) =0.

Nhu vay, vi o 1a mgt chdn trén cua M, nén ta co

va lim diam(xf,...,)cjV ).max (1,

*
)Clr
t—>+o0

geeey

N
M < liminf{an(x”): diam(x,,..., x, ) < n}
n—0 =
N N
<liminf ) £ (x}) =liminf > w,(x{,...,x} ) < M
t—>+00 el t—>-+o0 el
N
dodo M = liminf{an(xn): diam(x,,..., x,) < 77}.
n—0 ol

N N
Véi 17> 0 bat ky ta co inf{an(x”): diam(x,,...,x, ) < 77} < g;fn(x)

n=1

N N
=i i : i < <1
suy ra M }grémf{;_l f(x): diam(x,,...,x, ) < 77} S }fg ;:l,fn(X).

N
Theo cach xac dinh ham w, ta cé Z £, (x) <w(x1,..., x3 ). Ttr cong thire (5) ta co

n=1
J 1. & 1
Zﬁ(x;)<M+;S1n£2ﬂ(x)+;.
n=l1 YEA =1

A \ * * I 5 17 ’ A A 5 . 7
Lay x, =x, va x, =x, ,n=1,..., N v&i t dulon ta c6 két ludn cua Dinh li.
t

3. KET LUAN

Bai viét d dwa ra mot s nhan xét vé S —kha vi, mbi quan hé giira cac S —kha
vi khi cac borno £ ¢6 mdi quan hé bao ham. Pic biét 1a dwa ra mdi quan hé giira cac
dao ham thuong gap nhu: Fréchet, Hadamard yéu, Hadamard, Gateaux. Bén canh do

cling dua ra cac vi du chi ra sy khac nhau gitta cac dao ham Fréchet, Hadamard yéu,
Hadamard, Gateaux.

Tuong tng véi khéi niém £ —kha vi, ta c6 khai niém dudi vi phan £ —nhdt,
trén vi phan £ —nh6t. Bai viét dua ra mot sé nhan xét vé tinh chat dudi vi phan
thudng gip va mbi quan h¢ cua dudi vi ’phﬁn thuong gap. Trong cac tqrc‘rng hop dac
biét cia khong gian nén X, hodc ham sd c6 tinh chat ham 161 thi mét s6 dudi vi phan
trung nhau.

LOT CA’M ON: Nghién cuu duoc tai tro kinh phi boi Truong Pa hoc Quang Binh
theo Quyét dinh so 3228/QP-DHQOB ngay 18 thang 11 nam 2016.
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REMARKS ON [ —DERIVATIVES AND /5 — SUBDIFFERENTIAL

Abstract. This paper presents the connections between different [f — derivatives,

usual derivatives, and properties of subdifferential [ — viscosity. We also construct

functions which are differentiable with respect to a [ —derivative but not

differentiable with respect to another [ — derivative.
Keywords: j — differentiable, [ — viscosity, subdifferential, [ — viscosity
superdifferential.
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