TINH CHAT STEINER-DEOGUN DOI VOI
PO THI TACH CUC G=S({UK,E) VOI §(G)>|I|-3

Lé Xudn Hiing, Nguyén Anh
Truwong Dai hoc Tai nguyén va Moi truong Ha Noi

Tom tit. Trong bai bdo ndy ching t6i chimg minh duwoc rang I6p do thi tach cuc
G=S(IVK,E) vé¢i 6<|I|<|K| va 6(G)21|-3 c6 tinh chit Steiner-deogun.

Tir khéa: Pé thi tich cuwe, chu trinh Hamilton, dwong Hamilton, tinh chit Steiner-
deogun, bdc cuwc tiéu.

1. PAT VAN BE

Tét ca cac d6 thi duge nodi téi trong bai bao nay la nhiing don dd thi hitu han, vo
huéng, khong cé khuyén va khong c6 canh boi. Néu G 1a mot dd thi, thi ¥(G) (hodc V)
duoc goi la tap dinh va E(G) (hoac E) dugc goi 1a tdp canh. Tap hop tat ca cac dinh 1a
hang xém ctia tp con SV (G) duge ky hidu 1a N,(S) (hodc N(S)). Véi mdi dinh
veV(G), tagoi [N;(v)| 1a bac cua dinh v, ky hiéu 1a deg(v). V6i dd thi G =(V,E), sb
min {deg(v)|v eV} duoc goi 1a hdc cuc tiéu cia G, ky hidu 1a 5(G). D6 thi con ciia G
cam sinh trén tap U < V(G) ky hiéu 1a G[U]. Ngoai ra, mot s6 khai niém va ky hiéu
khéc dugc dinh nghia trong [4].

Po thi G= (V,E) duoc goi la do thi tach cwe néu tdn tai mot phan hoach
V' =TUK sao cho d6 thi con G[I] la do thi rdng va dd thi con G[K] la d6 thi day du.
Ky hiéu dd thi tach cuc 1a S(I U K, E). Khai niém d6 thi tach cuc dugce dinh nghia dau
tién vao nam 1977 bai Foldes va Hammer [8]. Cac d6 thi nay da va dang duoc nghién
ctru nhiéu béi vi chiung c6 lién quan nhiéu dén cac van dé vé to hop va khoa hoc may
tinh (xem [6], [7], [9], [10], [13], [14], [15]). Trong thoi gian gan ddy da c6 mot sb két
qua nghién ctru vé bai toan Hamilton va bai toan t6 mau cho 16p dd thi tach cyc (xem
[1], [2], [3D. o

Nam 1994, Steiner va Deogun da chung minh dugc rang d6 thi cocomparability G
12 db thi Hamilton khi va chi khi d6 thi G—v c6 dudng Hamilton véi moi v e V(G)
(Mot dd thi duoc goi 14 dd thi comparability néu né 1a do thi vo hudéng ma ta c6 thé dinh
huéng cac canh cia n6 dé thu duge mot do thi c6 hudng thoa man hai tinh chét: (1) Néu
uv 1 canh thi vu khong 1a canh; (2) Néu uv va vw déu 1a canh thi uw khong 13 canh. P
thi G goi 1a dd thi cocomparability néu d6 thi bu cua nod 1a do thi comparability). Pay 1a
mot két qua co nhiéu ¥ nghia va c6 thé ding voi nhiéu 16p d6 thi khac. Chinh vi vy,
nam 1996 Kratsch, Lehel va Muller [11] d chinh thirc dua ra tinh chat Steiner-deogun
6 thi G=(V,E) goi la c6 tinh chat Steiner-deogun  éu théoa man: G ¢ chu trinh

Hamilton khi va chi khi d6 thi G—v c6 duong Hamilton véi moi veV ) va dit ra van
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dé can giai quyét: Nhimng d6 thi nao théa mén tinh chat Steiner-deogun ? Nghién ctru
nay giai quyét mot phan ciia van dé trén va chimg minh dugc rang do thi tach cuc
G=S({UK,E) v6i 6< |1| < |K| va 8(G)>|1]-3 co tinh chét Steiner-deogun.

2. MOT SO KET QUA LIEN QUAN

Gia str C 1a mét chu trinh trong d6 thi G = (V,E). Ta s& ky hiéu chu trinh C véi
mot chiéu xac dinh 1a C va chu trinh C véi chidu nguoc lai 1a C. Néu u,veV(C) thi
ky hiéu c4c dinh lién tiép ctia C tir u t6i v theo chiéu da xac dinh trén C 1a uCv vaky
hiéu cac dinh lién tiép ctia C tir u t&i v theo chiéu ngugc lai xac dinh trén C 14 uCv. Ta
s& coi uCv va uCv nhu la cée duong va ciing nhur 14 cac tap dinh. Néu u € V(C) thi ta
ky hiéu u* va u~ 1an luot 1a cac dinh dimg ngay sau va ngay trude dinh u trén C. Cac
khéi niém tuong ty nhu da mo ta & trén cho céc chu trinh cling s€ dugc su dung cho cac
duong. Néu U c V(G) thi ky hidu tap U NN, (u) 1a N, (u).

Bo dé 2.1 [1]. Gid sit G=S(I UK,E) la dé thi tach cwc véi | I|=m, | K |=n va véi moi
veK, dé thi G—v ¢6 dwong Hamilton. Khi d6 véi moi ¢#1 1 théa man

[

< min{m,n—l} ta luon co |N(I')| > |I| .
Bo dé 2.2 [14]. Gid sit G=S(I UK,E) la db thi tach cuc véi |I|<|K| va |N,(v)|<2
v6i méi ve K. Khi d6 G ¢6 chu trinh Hamilton khi va chi khi |[N(I'|>|I'| véi moi
p-1 1.
Db thi tach cuc G=S({I UK,E) goi l1a do thi tich cuc phi Hamilton t6i dai néu G
khong c6 chu trinh Hamilton nhung dd thi G+uv c6 chu trinh Hamilton v6i moi
uveE , trong 46 uel va ve K. Ta co két qua dudi day cho 16p do thi tach cuc phi
Hamilton t6i dai.
B6 dé 3 ([14]). Gidsir G=S(I UK,E) la do thi tich cuec phi Hamilton téi dai. Khi dé
véi moi ve K, hodc [N,(v)| <|I|-8(G) hode N,(v)=1 .
3. KET QUA CHINH

Trudc hét chung ta phat bicu khai niém tinh chat Steiner-deogun.
3.1 Pinh nghia 4 [11]. P6 thi G=(V,E) goi la cé tinh chdt Steiner-deogun néu thoa
man: G ¢6 chu trinh Hamilton khi va chi khi dé thi G-v ¢6 dwong Hamilton voi moi

vel .
Cho db thi tach cuc G=S(I UK, E). Pit

K, ={veK|N,() =i

},tacc’):



B6 dé 3.2. Gid sit G=S(UUK,E) la do thi phi Hamilton téi dai théa man
6<m=I|<|K|=n, §(G)>m-3 va véimoi ve K, dé thi G—v cé dwong Hamilton.
Khido K,=..=K, =¢va K, #¢.

Chitng minh. Theo B6 dé 3 dé dang thay rang K,=K,=..=K,  =¢.

Néu ton tai dinh ve K, va gia s P la duong Hamilton cia G —v . Khi d6 vPy 1a
chu trinh Hamilton cta G, méau thuin véi viéc G 1a d6 thi phi Hamilton. Do d6 K L=

Gid st K, =¢. Khi dé taco K,=K,=K;=..=K, =¢. Do do |N,(v)|<2 v6i
mdi ve K. Tir Bo dé 1 va Bo dé 2 suy ra d6 thi G ¢6 chu trinh Hamilton, diéu nay trai
v6i viéc G 1a @6 thi phi Hamilton. Do d6 K, # ¢ . m

Gia st G=S(/UK,E)la dd thi phi Hamilton t6i dai théa man
6<m=I|<|K|=n, 8(G)>m—-3,véimoi ve K, ddthi G—v cb dudng Hamilton va
K, #¢. Gid st v, 1a mot dinh ctia K. Vi [[|[=m26 va [N, (v,)|=3<m, ton tai dinh
u, €I sao cho u, khong ké voi v,. Vi G 1a do thi tach cuc phi Hamilton tdi dai nén
G +u,v, co chu trinh Hamilton D. Do d6 P=D —u,v, 1a duong Hamilton cua G vé1
cac dinh dAu mut 13 u, va v,. Chii y rang u, € I,v, € K va u, khong ké véi v, . Gia sir
P =u,..v, . Néu v, eK va ueN,(v,), thi P= ulﬁu_vgﬁuvn la dwong Hamilton cua
G v6i cac dinh dau mat 1a u, va v,. Nhung trong F , v, =uel. Bang viéc xét F thay
cho P néu cin thiét, khong mat tinh tong quat ta c6 thé gid sir rang v, trong P la dinh
u, el.

Gid st v,,Vv,,...,v, la cdc dinh cia N (ul) xuét hién lan lugt trén P theo thir tu cla
cac chi sb cua ching. Néu ton tai dinh u ;EN (,) sao cho v, eN (v,), thi
C = ulﬁv;vn ijul la chu trinh Hamilton ctia G, mau thuin. Do vy v, €N (vn) véi
moi j=L2,.,k.Suyra v, el voimoi j=12,., k. D@ dang thay rang u, =v, . bat

u, =v; el véimoi j=2,.. k va N,(v,)=1\N,(v,). Khi d6

‘m =m-3.

:|I|_‘N1 (v.)

Nhung deg(u,)>m~-3 vau, =v; e N,(v,) véimoi j=12,..., k =deg(y, ). Tlr
d6 ta thu dugc bd dé dudi day.
Bo dé 3.3 Deg(u, )=m—3va u,,u,,...,u, , la tat cd cdc dinh cia V(G) khong ké voi V..
bat B :ulﬁu;, P, :uzﬁu;, o P =umf313vn. Ta co:

5" m-3



B6 a83.4 [N(u, )nV(P) <1 véimoi i,j € {1.2....m~3}.

Chimg minh. Gia st nguoc lai ring ton tai i,je{l,2,...,m-3} sao cho
|N(uj)r\ V(Pl)‘ >2. Ky hiéu v, va v, 1a hai dinh khac nhau cta N(uj)m V(P), xuét
hién trén P theo thit tir cia cac chi sd ciia chiing. Trudc hét gia sir rang j <i, khi d6
Vi €& {ul,uz,...,um%}.

Theo B6 d& 6 ta co v, € N(v,). Do d6 C’ :u‘j’ulvjﬁv,;lvn ﬁvl+1uj la chu trinh
Hamilton ctia G, mau thuan.

Bay gio ta gid st rang j >i. Khi d6 v, & {u,,u,,...,u,_;} va tiép tuc theo Bo d¢ 6
ta co v, e N(v,). Do d6 C' zuj;’van ijulf’v,uj la chu trinh Hamilton cua G, mau
thuan. |
B3 @8 3.5 Néu ve Nlu,)nV(R) va j<ivéii,je{l,2,...m=3}, thiv & N(v,).
Chitng minh. Néu v=v,, ching to Bo dé 6 rang v =V, =u, eEN(vn) . Néu V£V, va
v eN (vn ) thi C = u; ‘f’ulv‘fﬁv’vn Pwu ; 1a chu trinh Hamilton cta G, méu thuin. m
Bo dé 3.6 Néu ve N(uj)m V(E) va j>ivdii,je {1,2,...,m—3}, thi v ¢ N(vn).
Chimg minh. Gia sit v € N(v,). Khi do C' = ujvf’ulvj Fvnv*ﬁuj la chu trinh Hamilton
cua G, mau thudn. m
Pinh ly 3.7 Gid sit G=S(IVK,E) la do thi tich cuc véi 6<|I|<|K| va
S8(G) 2| 1|-3. Khi d6 G c6 tinh chat Steiner-deogun.

Chitng minh. Néu G c6 chu trinh Hamilton va gia st v 1a mot dinh thudc V(G), thi

VO 1a duong Hamilton ctia d6 thi G—v.
Bay gi¢ gia st G=S(/ UK,E) 1a dd tich cuc thoa man 6<m=|I|<|K|=n,
S(G)=m—3 va véi moi veV(G), dd thi G—v co dudng Hamilton. Vi K V' (G)
nén voi moi ve K, d6 thi G—v ciing c6 duong Hamilton. Ta s& chimg minh G ¢6 chu
trinh Hamilton bang phwong phap phan ching.

Gia sir G 1a d thi phi Hamilton t6i dai. Theo B dé3.2tacé K, =...= K, =¢ va
K,#¢.TuBo6 d& 3.4 ta co deg(uj)é m-3 v6i je{l,2,..,m—3}. Nhung trong dd thi
G, theo gia thiét ta co deg(uj) >m-3. Do do deg(uj):m—3 voi moi
j€{l,2,...,m-3}. Hon nita, theo B6 dé 3.3, B6 dé 3.5 va B6 dé 3.6 ta ¢6

N(ul) = {vl,vz,...,vm%},

N(uj): {uz SUsy ,...,uj,vj,vjﬂ,...,vm%}
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véi j=2,3,...m—3.

Gia st rang u; =v,

i vol  moi je{2,3,...,m—3}. Khi d6 véi

I ={u,uy,...,u, ;} ta co N(I')={vl,v2,.. V,3}. Do do

* "m-3

, mau

N(I')‘:m—3:‘1'

thuln v6i Bo dé 2.1. Nhu vay, phai ton tai j €{2,3,...,m—3} saocho u; #v,,.

Vi m=>6 nén deg(uj)ZS voimoi je{l,2,...m-3}. Néu u, , #v, , thi

' _ _ — g + g
C=u,u, Puy, u v Pvv ,Pu

n m—4 m=3

1a chu trinh Hamilton cta G, mau thudn. Tiép theo, néu u; # v, thi

C =uyv,Pu, qu,uv, ,Pvu, Pu,

1a chu trinh Hamilton ctia G, mau thuan. Cudi ciing, néu u;, #v,, Voi j & {2, m —3} , thi
C=u;, v,Pu, uuyv, Pvu-Pv, uPu,,
1a chu trinh Hamilton ctia G, mau thuan.

Nhu vay, ta da suy ra mau thuan trong tat ca cac truong hop. Dinh 1y duge chimg

minh. m
4. KET LUAN

Vén dé ton tai hay khong ton tai chu trinh Hamilton trong dd thi néi chung va 16p
dd thi tach cuc noi riéng 1a mot bai toan khoé va thoi sy. Viée tim céac diéu kién dé mot
dd thi tach cuc c6 chu trinh Hamilton & dugc mot sb nha toan hoc quan tdm nghién ctu
va di dat duoc mot sb két qua nhét dinh (xem [5], [1], [11], [12], [14], [15]). Theo
huong do, chung toi xét vén d@é tdn tai chu trinh Hamilton cho mét sb 16p dd thi tach cuc
bang viéc xem xét tinh chét Steiner-deogun cho mét 16p con cua 16p do thi tach cuc va
da dat dugc mot s két qua méi, trong d6 két qua chinh 1a Dinh 1y 3.7 (viéc chimg minh
duoc mot dd thi co tinh chat Steiner-deogun c6 thé coi nhu mét 1a tim ra duge didu kién
can va du cho 16p dd thi d6 ¢6 chu trinh Hamilton).
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ON THE STEINER-DEOGUN FOR
SPLIT GRAPHS G =S(/ UK,E) WITH 5(G)>/1|-3

Abstract. In this paper, we show that split graphs G =S UK,E) with 6< |I | < |K |
and 6(G) 2|1 |-3 have the Steiner-deogun property.

Key words: Split graph, hamilton cycle, hamilton path, steiner-deogun property,
minimum degree.
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