Logarithmic Fu

Depreciation of Cars

You are ready to buy that first new car. You know that cars
lose value over time due to depreciation and that different
cars have different rates of depreciation. So you will research
the depreciation rates for the cars you are thinking of buying.
After all, for cars that sell for about the same price, the lower
the depreciation rate, the more the car will be worth each year.

‘@’ —See the Internet-based Chapter Project [—

o A L.ook Back

Until now, our study of functions has concentrated on polynomial and rational
functions. These functions belong to the class of algebraic functions—that

is, functions that can be expressed in terms of sums, differences, products,
quotients, powers, or roots of polynomials. Functions that are not algebraic are
termed transcendental (they transcend, or go beyond, algebraic functions).

A Look Ahead ee-

In this chapter, we study two transcendental functions: the exponential function
and the logarithmic function. These functions occur frequently in a wide variety of
applications, such as biology, chemistry, economics, and psychology.

The chapter begins with a discussion of composite, one-to-one, and
inverse functions—concepts that are needed to explain the relationship
between exponential and logarithmic functions.
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6.1 Composite Functions -

PREPARING FOR THIS SECTION Before getting started, review the following:
¢ Find the Value of a Function (Section 3.1, pp. 210-212) e Domain of a Function (Section 3.1, pp. 214-216)

Figure 1

\ Now Work the ‘Are You Prepared?’ problems on page 413.
OBJECTIVES 1 Form a Composite Function (p. 408)

DEFINITION

Figure 2

2 Find the Domain of a Composite Function (p. 409)

1 Form a Composite Function

Suppose that an oil tanker is leaking oil and you want to determine the area of the
circular oil patch around the ship. See Figure 1. It is determined that the oil is leaking
from the tanker in such a way that the radius of the circular patch of oil around the
ship is increasing at a rate of 3 feet per minute. Therefore, the radius r of the oil
patch at any time 7, in minutes, is given by r(¢) = 3t. So after 20 minutes, the radius
of the oil patch is r(20) = 3(20) = 60 feet.

The area A of a circle as a function of the radius r is given by A (r) = wr
The area of the circular patch of oil after 20 minutes is A (60) = 7 (60)% = 36007
square feet. Note that 60 = r(20), so A(60) = A(r(20)). The argument of the
function A is the output of the function r!

In general, the area of the oil patch can be expressed as a function of time ¢
by evaluating A (r(¢)) and obtaining A (r(t)) = A(3t) = w(3t)?> = 97t>. The
function A (r(t)) is a special type of function called a composite function.

As another example, consider the function y = (2x + 3)2 Let y = f(u) = u?
and u = g(x) = 2x + 3. Then by a substitution process, the original function is
obtained as follows: y = f(u) = f(g(x)) = (2x + 3)2

In general, suppose that f and g are two functions and that x is a number in
the domain of g. Evaluating g at x yields g(x). If g(x) is in the domain of f, then
evaluating f at g(x) yields the expression f(g(x) ). The correspondence from x to
f(g(x)) is called a composite function fo g.

Given two functions f and g, the composite function, denoted by f° g (read as
“ f composed with g”), is defined by

(fog) (x) = f(g(x))

The domain of fo g is the set of all numbers x in the domain of g such that g (x)
is in the domain of f.

Look carefully at Figure 2. Only those values of x in the domain of g for which
g(x) is in the domain of f can be in the domain of fe g. The reason is that if g(x)
is not in the domain of f, then f(g(x)) is not defined. Because of this, the domain
of fo gis asubset of the domain of g; the range of fo g is a subset of the range of f.

Domain of g

Range of g Range of f

Domain of f

Range of fo g

Domain of fo g
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Figure 3 provides a second illustration of the definition. Here x is the input
to the function g, yielding g(x). Then g(x) is the input to the function f, yielding
f(g(x)). Note that the “inside” function g in f(g(x)) is “processed” first.

o J©
INPUT x — —_ — OUTPUT f(g(x))

( EXAMPLE 1

Solution

MOEMAL FLOAT RUTD REAL RELIRW MF n

Yed¥z(1))

Figure 4

Evaluating a Composite Function
Suppose that f(x) = 2x*> — 3 and g(x) = 4x. Find:

(@) (fog)(1) () (gof)(1) (¢ (fef)(=2) (d) (g°g) (1)

(a) (fog) (1) =f(g(1)) ?f(4) T2'42—3=29

g(x) = 4x flx) = 2% -3
g(1) =4
(b) (gof) (1) =g(f(1)) Tg(—l) ?4' (1) =-4

flx) =2 -3 g(x) = 4x
) = -1

(©) (fof)(=2) =f(/(-2)) ?f(5) =2-5-3=47

f(=2) =2(-2)*-3=5
(d) (g°g)(—1) =g(g(~1)) Tg(—4) =4-(-4)=-16

g(-1) = -4 -
COMMENT Graphing calculators can be used to evaluate composite functions.*

Let Y; = f(x) = 2x* =3 and Y, = g(x) = 4x. Then, using a TI-84 Plus C graphing calculator,
find (f°g) (1) asshown in Figure 4. Note that this is the result obtained in Example 1(a). L]

o= Now Work proBLEM 13

Find the Domain of a Composite Function

( EXAMPLE 2 |

Solution

Finding a Composite Function and Its Domain

Suppose that f(x) = x> + 3x — 1 and g(x) = 2x + 3.

Find: (a) fo g (b)gef

Then find the domain of each composite function.

The domain of f and the domain of g are the set of all real numbers.

() (fog)(x) =f(g(x)) =f(2x+3) = (2r+3)>+3(2x+3) — 1
f)=x*+3x -1

=4 + 12x + 9+ 6x+ 9 — 1 =4x* + 18x + 17

Because the domains of both f and g are the set of all real numbers, the
domain of fo g is the set of all real numbers.

*Consult your owner’s manual for the appropriate keystrokes.
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(b) (g°f) (x) =g(f(x)) =g(x" +3x—1) ?2(x2+3x— 1) +3

gx)=2x+3
=22 4+6x—-2+3=2%+6x+1

Because the domains of both f and g are the set of all real numbers, the domain of
g o fis the set of all real numbers. ]

Example 2 illustrates that, in general, fo g # ge f. Sometimes fo g does equal g° f,
as we shall see in Example 5.

Look back at Figure 2 on page 408. In determining the domain of the composite
function (fog) (x) = f(g(x)), keep the following two thoughts in mind about the
input x.

1. Any x not in the domain of g must be excluded.
2. Any x for which g(x) is not in the domain of f must be excluded.

( EXAMPLE 3 |

Solution

Finding the Domain of fog

4
x—1

1
Find the domain of fogif f(x) = and g(x) =
X

+2

For (fog)(x) = f(g(x)), first note that the domain of g is {x|x # 1}, so 1 is
excluded from the domain of fo g. Next note that the domain of f is {x|x # —2},

which means that g(x) cannot equal —2. Solve the equation g(x) = —2 to
determine what additional value(s) of x to exclude.
xi1=—2 glx) = -2
4=-2(x—1)  Multiply both sides by x — 1.
4 =-2x+2 Apply the Distributive Property.
2x = =2 Add 2x to both sides. Subtract 4 from both sides.
x=-1 Divide both sides by 2.

Also exclude —1 from the domain of fo g.
The domain of fogis {x|x # —1,x # 1}.

4 1 is not defined, so (fog) (x) = f(g(x)) is

X —

Check: Forx =1, g(x) =
not defined.

Forx = —1,g(-1) = —2,and (fog) (—-1) = f(g(~1))= f(-2)
is not defined. [ |

( EXAMPLE 4

Solution

Finding a Composite Function and Its Domain

4
x+2andg(x) Cx— 1

Find: (a)fog  (b) fof

Then find the domain of each composite function.

Suppose that f(x) =

The domain of fis {x|x # —2} and the domain of g is {x|x # 1}.

4 1 x—1 x—1 x—1
(@) (f°g)(x):f(g(x)):f<x1>: 4 T4+2(x—1) 2x+2 2(x+1)
tr-7 721
flx) = . i > Multiply by z%l

In Example 3, the domain of fo g was found to be {x|x # —1,x # 1}.
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The domain of fog also can be found by first looking at the domain
of g {x|x # 1}. Exclude 1 from the domain of fog as a result. Then look
at fog and note that x cannot equal —1, because x = —1 results in division
by 0. So exclude —1 from the domain of fog. Therefore, the domain of fog
is {x|x # —1,x # 1}.

1 1 x+2 x+2
b o = = = = =
©) (Fo0) () = 10) = 1( 15 ) = =TT T
! x+2 e 5
. x +
Sflx) = T 12 Multiply by Tt 2
The domain of fo f consists of all values of x in the domain of f, {x|x # —2},
for which
1 1
flx) = +27’é_2 r+2- "2
1= —2(x + 2)
1= -2x—4
2x = -5
= _3
YT T
or, equivalently,
X # — >
2

The domain of fo f is {x

5
X # —E,x # —2}.

The domain of fe f also can be found by recognizing that —2 is not in the
domain of f and so should be excluded from the domain of fe f. Then, looking

5
at fof, note that x cannot equal — > Do you see why? Therefore, the domain

of fofis {x

5
x#—z,xsﬁ—Z}. [ |

emmmmm== Now Work proBLEMS 27 AND 29

( EXAMPLE 5

Solution

Showing That Two Composite Functions Are Equal

1
If f(x) =3x —4and g(x) = g(x + 4), show that

(fog)(x) = (g°f)(x) =x
for every x in the domain of fo gand ge f.

(fog) (x) = f(g(x)



http://www.downloadslide.net

www.downloadslide.net

412 CHAPTERG Exponential and Logarithmic Functions

Seeing the Concept

Using a graphing calculator, let
Yi=1f(x)=3x—-4
1
Vo= g(x) = 5(x+4)
Y3="fog Y,=g°f

Using the viewing window —3 = x = 3,
—2 =y=2, graph only Y3 and Y;.
What do you see? TRACE to verify that
Y3 = Y4. |

(g°f) (x) = g(f(x))
= g(3x — 4) f(x) =3x —4
=%[(3x—4) +4] z(x) =§(x+4)
1
Zg(3x) =x

We conclude that (feg) (x) = (gof) (x) = x. [ |

In Section 6.2, we shall see that there is an important relationship between
functions f and g for which (feg) (x) = (g°f) (x) = x.

o= Now Work PrRoOBLEM 39

Calculus Application

Some techniques in calculus require the ability to determine the components of a
composite function. For example, the function H(x) = Vx + 1 is the composition
of the functions f and g, where f(x) = Vx and g(x) =x + 1, because
H(x) = (fog) (x) =f(g(x)) =flx+1) = Vx+1L

( EXAMPLE 6

Finding the Components of a Composite Function
Find functions f and g such that feg = Hif H(x) = (x> + 1)50.

Solution  The function H takes x> + 1 and raises it to the power 50. A natural way to
decompose H is to raise the function g (x) = x> + 1 to the power 50.Let f(x) = x°
and g(x) = x* + 1.Then

g f o Hg) = f(x+1) (fo8) (x) =f(g(x))
X g(x) :g:\o =(x2+1)% :f(x2 +1)
Hix) = (2 + 1)
. (¥) = (x"+1) _ (x2 + 1)50 — H(x)
Figure 5 See Figure 5. ]

Other functions f and g may be found for which fog = H in Example 6. For
instance, if f(x) = x?and g(x) = (x2 + 1)”, then

[(2+1)P)2 = )>

25
(feg) (x) =f(g(x)) =f((x*+1)7) = (¥ +1
Although the functions f and g found as a solution to Example 6 are not unique,
there is usually a “natural” selection for f and g that comes to mind first.

( EXAMPLE 7

Solution

Finding the Components of a Composite Function

1

Find functions f and g such that fog = Hif H(x) = P

1
Here H is the reciprocal of g(x) = x + 1. Let f(x) = ;andg(x) = x + 1.Then

(fog) (x) = f(g(x)) = flx + 1) = —— = H(x) 0

x+1

wmmm====- Now Work PrRoOBLEM 47
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6.1 Assess Your Understanding

‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

2 _
1. Find £(3) if f(x) = —4x* + 5x. (pp. 210-212) 3. Find the domain of the function f(x) = 2l — 215
2. Find f(3x) if f(x) = 4 — 242 (pp. 210-212) (pp. 214-216) *
Concepts and Vocabulary
4. Giveq two Ifunctionsf and g, the »denoted KT IfH=fogand H(x) = /25 — 4x?, which of the following
feg,isdefined by (fog)(x) = __ . cannot be the component functions f'and g?
5. True or False If f(x) =x* and g (x) = Vx + 9, then (a) f(x) = V25 — ¥ g (x) = 4x
° 4) = 5.
(fog)(4) 5 (b) f(x) = Vix; g (x) =25 — 422
6. If f(x) =Vx+2and g (x) =— Wthh of the following © f(x) = V25 — x: g (x) = 4x?
does (J28) () cquat? @ F0) = VIS du g (1) =
3 o 8. True or False The domain of the composite function
@) Vi +2 (b) +2 (c )\/ 2 @ \/ (fog) (x) is the same as the domain of g(x).
Skill Building
In Problems 9 and 10, evaluate each expression using the values given in the table.
" T3 2 T o T 3 (a) (fog) (1) (b) (fog) (1)
f(x) -7 -5 -3 -1 3 5 7 (C) (gof)(—1) (d) (gof) (O)
T ) (g°8)(-2) (M) (Foh) (-1)
0T T o T T 3 (a) (fog) (1) (b) (fog)(2)
f(x) 11 9 7 5 3 1 -1 (c) (8°/)(2) (d) (g°f)(3)
ew |8 3 0o 1 o -3 -8 (©) (g°8) (1) M (ff) (3)

In Problems 11 and 12, evaluate each expression using the graphs of y = f(x) and y = g(x) shown in the figure.

1L () (g°f)(=1) (®) (g°£)(0) 7y
(© (feg)(=1) (d) (Fog)(4)

12. (a) (g°f) (1) (®) (g°/)(5)
(¢) (fo£)(0) (d) (o) (2)

In Problems 13-22, for the given functions f and g, find:
(a) (fog)(4) (b) (g°f)(2) () (fof)(1) (d) (g°g)(0)

N1 f(x) =26 g(x) =322+ 1 4. f(x) =3x+2; g(x) =22%—1
15. f(x) =4x* = 3; g(x) =3 - %xz 16. f(x) = 2x% g(x) =1 — 3x?
17. f(x) = Vi g(x) =2x 18. f(x) = Vx+1; g(x) =3
1 3
19. f(x) = |x|; g(x) = e 20. f(x) = |x —2; =545
2 f(x) = g(x) = Va 2. f(x) = £ gu>=xi1
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In Problems 23-38, for the given functions f and g, find:
(a) fog (b) g°f (c) fof (d) gog
State the domain of each composite function.
23. f(x) =2x +3; g(x) =3x
25. f(x) =3x+1; g(x)=x
\ 27. f(x) =x% g(x)=x>+4

2

N 29, f(x) ===

31 f(x) =
33 f(x) = Vx; g(x) =2x+3
35 f(x) =x*+1; g(x) =Vx-1

x+2
§(x) =3

_x_S.
x+1

37. f(x)

In Problems 39-46, show that (fog) (x) = (g°f) (x) = x.

\ 39. f(x) =2x; g(x) :%x

2. f(x) =x+5 g(x)=x-5

40. f(x) = 4x;
43. f(x) =2x — 6;
45. f(x) = ax +b; g(x) =%(x—b) a#0

/K In Problems 47-52, find functions f and g so that fo g = H.
N 47, H(x) = (2x +3)*

49. H(x) = Vx*+1

51. H(x) = [2x + 1]

Applications and Extensions

24.
26.
28.

30.

32.

34.

36.

38.

48.
50.
52.

fx)=x+1; g(x)=x*+4
f(x) =+ 1; g(x) =22 +3
) =5 80 =2
) =5 g0 =2

f(x) =2 +4 g(x)=Vx-2
2x — 1 x+4
flx) =75 g(x) =5
X 41. f(x) =x% g(x) = Vx
g(x) =3 (x+6) M f(x) =4-3% g(x) =3 (4— )
f(x) -1 g(x) =%
H(x) = (1 +x%)°

H(x) =V1-x

H(x) = [2x? + 3|

53. If f(x) = 2x> — 3x* + 4x — land g(x) = 2,find (fog) (x)
and (g°f) (x).

54. If f(x) = i J_r 1 find (feof) (x).

55. If f(x) =2x*>+ 5 and g(x) = 3x + a, find a so that the
graph of fe g crosses the y-axis at 23.

56. If f(x) =3x*>—7 and g(x) = 2x + a, find a so that the
graph of fo g crosses the y-axis at 68.

In Problems 57 and 58, use the functions f and g to find:
(a) fog (b) g°f
(c) the domain of fogand of g°f
(d) the conditions for which feg = gof
57. f(x) =ax +b g(x) =cx+d
ax + b
58. =
f(x) x+d ¢

59. Surface Area of a Balloon The surface area S (in square
meters) of a hot-air balloon is given by

(x) = mx

S(r) = 4ar?

where r is the radius of the balloon (in meters). If the
radius r is increasing with time 7 (in seconds) according to the

2
formula r(r) =§t3,120, find the surface area S of

the balloon as a function of the time .

60.

61.

62.

63.

Volume of a Balloon The volume V (in cubic meters) of
the hot-air balloon described in Problem 59 is given by

4
V(r) = 3 a3, If the radius r is the same function of ¢ as in
Problem 59, find the volume V as a function of the time .

Automobile Production The number N of cars produced
at a certain factory in one day after ¢ hours of operation is
given by N(¢) = 100t — 5¢>,0 < ¢ = 10. If the cost C (in
dollars) of producing N cars is C(N) = 15,000 + 8000N,
find the cost C as a function of the time ¢ of operation of the
factory.

Environmental Concerns The spread of oil leaking from a
tanker is in the shape of a circle. If the radius r (in feet) of
the spread after t hours is 7(¢) = 200Vt find the area A of
the oil slick as a function of the time .

Production Cost The price p, in dollars, of a certain product
and the quantity x sold obey the demand equation

1
p=—1x+100 0=x=400

Suppose that the cost C, in dollars, of producing x units is

Vx
=——+
C s 600

Assuming that all items produced are sold, find the cost C as
a function of the price p.

[Hint: Solve for x in the demand equation and then form the
composite function.]
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64. Cost of a Commodity The price p, in dollars, of a certain K(C) = C + 273, converts a temperature in degrees
commodity and the quantity x sold obey the demand equation Celsius to a temperature in kelvins, K.
1 (a) Find a function that converts a temperature in degrees
p=—gxt 200 0 = x = 1000 Fahrenheit to a temperature in kelvins.

Suppose that the cost C, in dollars, of producing x units is (b) Determine 80 degrees Fahrenheit in kelvins.

Vx 69. Discounts The manufacturer of a computer is offering two
C = vX 400 discounts on last year’s model computer. The first discount is
) ) 10 ) a $200 rebate and the second discount is 20% off the regular
Assuming that all items produced are sold, find the cost C as price, p.
a function of the price p. (a) Write a function f that represents the sale price if only
65. Volume of a Cylinder The volume V of a right circular cylinder the rebate applies.
of height 4 and radius ris V = arr? h. If the height is twice the (b) Write a function g that represents the sale price if only
radius, express the volume V as a function of r. the 20% discount applies.
66. Volume of a Cone The volume V of a right circular cone (c) Find fog and gef. What does each of these functions

represent? Which combination of discounts represents a

1
sV = 3 ar? h. If the height is twice the radius, express the better deal for the consumer? Why?

volume V'as a function of . 70. Taxes Suppose that you work for $15 per hour. Write a function
67. Foreign Exchange Traders often buy foreign currency in the that represents gross salary G as a function of hours worked
0 hope of making money when the currency’s value changes. h. Your employer is required to withhold taxes (federal
For example, on April 15,2015, one U.S. dollar could purchase income tax, Social Security, Medicare) from your paycheck.
0.9428 euro, and one euro could purchase 126.457 yen. Let f(x) Suppose your employer withholds 20% of your income
represent the number of euros you can buy with x dollars, and for taxes. Write a function that represents net salary N as a
let g (x) represent the number of yen you can buy with x euros. function of gross salary G. Find and interpret N o G.
(a) Find a function that relates dollars to euros. 71. Let f(x) = ax + b and g(x) = bx + a, where a and b are
(b) Find a function that relates euros to yen. integers. If f(1) =8 and f(g(20)) — g(f(20)) = —14,
(c) Use the results of parts (a) and (b) to find a function that find the product of a and b.*

relates dollars to yen. That is, find 72. If f and g are odd functions, show that the composite

(g°f) (x) = g(f(x)). function fe g is also odd.

(d) Whatis g(f(1000))? 5 73. If f is an odd function and g is an even function, show that
68. Temperature Conversion The function C(F) = 6 (F - 32) the composite functions fo g and g of are both even.

converts a temperature in degrees Fahrenheit, F, to a
temperature in degrees Celsius, C. The function *Courtesy of the Joliet Junior College Mathematics Department

— Retain Your Knowledge

Problems 74-77 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your
mind so that you are better prepared for the final exam.

74. Given f(x) =3x + 8 and g(x) =x — 5,find (f+ g) (x), 76. Use a graphing utility to graph f (x) = —x* + 4x — 2 over
f the interval [ —3, 3]. Approximate any local maxima and
(f—g)(x),(fg)(x), and <§) (x). State the domain local minima. Determine where the function is increasing

and where it is decreasing.
of each. P46 +s

75. Find the real zeros of f(x) = 2x — 5Vx + 2. 77. Find the domain of R(x) = T -3 Find any
horizontal, vertical, or oblique asymptotes.

‘Are You Prepared?’ Answers

1. -21 2.4 — 18x% 3. {x|x # —5,x # 5}


http://www.downloadslide.net

www.downloadslide.net

416 CHAPTERG Exponential and Logarithmic Functions

PREPARING FOR THIS SECTION Before getting started, review the following:
e Functions (Section 3.1, pp. 207-218) e Rational Expressions (Chapter R, Section R.7,

¢ Increasing/Decreasing Functions (Section 3.3,

p.234)

\\ Now Work the

pp- 63-71)

problems on page 424.

OBJECTIVES 1 Determine Whether a Function Is One-to-One (p. 416)

DEFINITION

In Words

A function is not one-to-one if
two different inputs correspond
to the same output.

2 Determine the Inverse of a Function Defined by a Map or a Set
of Ordered Pairs (p. 418)

3 Obtain the Graph of the Inverse Function from the Graph of the
Function (p. 421)

4 Find the Inverse of a Function Defined by an Equation (p. 422)

1 Determine Whether a Function Is One-to-One

Section 3.1 presented four different ways to represent a function: (1) a map, (2) a
set of ordered pairs, (3) a graph, and (4) an equation. For example, Figures 6 and 7
illustrate two different functions represented as mappings. The function in Figure 6
shows the correspondence between states and their populations (in millions). The
function in Figure 7 shows a correspondence between animals and life expectancies
(in years).

Life Expectancy

Animal (in years)
Population
State (in millions) Dog > 11
L—>
/
Indiana 6.6 Cat — |
Washington 7.1 Duck ——— |
. — 10
South Dakota 0.9 Lion ——-—“//V
North Carolina 9.9 Pig —
Oklahoma 39 Rabbit 7
Figure 6 Figure 7

Suppose several people are asked to name a state that has a population of
0.9 million based on the function in Figure 6. Everyone will respond “South Dakota.”
Now, if the same people are asked to name an animal whose life expectancy is 11 years
based on the function in Figure 7 some may respond “dog,” while others may respond
“cat.” What is the difference between the functions in Figures 6 and 7? In Figure 6, no
two elements in the domain correspond to the same element in the range. In Figure 7,
this is not the case: Different elements in the domain correspond to the same element
in the range. Functions such as the one in Figure 6 are given a special name.

A function is one-to-one if any two different inputs in the domain correspond
to two different outputs in the range. That is, if x; and x, are two different

inputs of a function f, then f is one-to-one if f(x;) # f(x,).
u

Put another way, a function f is one-to-one if no y in the range is the image of
more than one x in the domain. A function is not one-to-one if any two (or more)
different elements in the domain correspond to the same element in the range.
So the function in Figure 7 is not one-to-one because two different elements in
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the domain, dog and cat, both correspond to 11 (and also because three different
elements in the domain correspond to 10). Figure 8 illustrates the distinction among
one-to-one functions, functions that are not one-to-one, and relations that are not
functions.

= vl

Domain Range Domain Range

(a) One-to-one function: (b) Not a one-to-one function: (c) Not a function:
Each xin the domain has Y, is the image of both X, has two images,
one and only one image Xy and x,. yyand y,.
in the range.

( EXAMPLE 1

Solution
, THEOREM
y=1x)
(X3, ) U h)
| h | y !
! !
/ X Xz\ X
Figure 9

f(x1) = f(xo) = hand x; # Xp;
f is not a one-to-one function.

Determining Whether a Function Is One-to-One
Determine whether the following functions are one-to-one.

(a) For the following function, the domain represents the ages of five males, and the
range represents their HDL (good) cholesterol scores (mg/dL).

Age HDL Cholesterol
38 57

42 54

46 > 34

55 > 38

61 ’/

(b) {(=2,6), (=1,3),(0,2), (1,5), (2,8)}

(a) The function is not one-to-one because there are two different inputs, 55 and 61,
that correspond to the same output, 38.

(b) The function is one-to-one because no two distinct inputs correspond to the
same output. u

me=====- Now Work proBLEMS 13 anD 17

For functions defined by an equation y = f(x) and for which the graph of f is
known, there is a simple test, called the horizontal-line test, to determine whether
f is one-to-one.

Horizontal-line Test

If every horizontal line intersects the graph of a function f in at most one point,
then f is one-to-one.

The reason why this test works can be seen in Figure 9, where the horizontal
line y = h intersects the graph at two distinct points, (x;, /) and (x,, k). Since h
is the image of both x; and x, and x; # x,, f is not one-to-one. Based on Figure 9,
the horizontal-line test can be stated in another way: If the graph of any horizontal
line intersects the graph of a function f at more than one point, then f is not
one-to-one.
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( EXAMPLE 2

Solution

Figure 10

THEOREM

DEFINITION

In Words

Suppose that fis a one-to-one
function so that the input 5
corresponds to the output 10.
In the inverse function 7!, the
input 10 will correspond to the
~ output b.

Using the Horizontal-line Test

For each function, use its graph to determine whether the function is one-to-one.
(a) f(x) = (b) g(x) =x°

(a) Figure 10(a) illustrates the horizontal-line test for f(x) = x% The horizontal
line y = 1 intersects the graph of f twice, at (1,1) and at (—1,1), so f is not
one-to-one.

(b) Figure 10(b) illustrates the horizontal-line test for g(x) = x°. Because every
horizontal line intersects the graph of g exactly once, it follows that g is

one-to-one.
y=x? ooy=x°
3k 3 f
(=1.1) 1,y i /
| | | | | | | | | | | |
-3 I -3 3 x
-3+ l —3F
(a) A horizontal line intersects the graph (b) Every horizontal line intersects the graph
twice; f is not one-to-one. exactly once; g is one-to-one. n

memm===- Now Work pProBLEM 21

Look more closely at the one-to-one function g(x) = x°. This function is an
increasing function. Because an increasing (or decreasing) function will always have
different y-values for unequal x-values, it follows that a function that is increasing
(or decreasing) over its domain is also a one-to-one function.

A function that is increasing on an interval / is a one-to-one function on /.
A function that is decreasing on an interval / is a one-to-one function on /.

Determine the Inverse of a Function Defined
by a Map or a Set of Ordered Pairs

Suppose that f is a one-to-one function. Then, corresponding to each x in the
domain of f, there is exactly one y in the range (because f is a function); and
corresponding to each y in the range of f, there is exactly one x in the domain
(because f is one-to-one). The correspondence from the range of f back to the
domain of £ is called the inverse function of f. The symbol f~! is used to denote

the inverse function of f.
| ]

We will discuss how to find inverses for all four representations of functions:
(1) maps, (2) sets of ordered pairs, (3) equations, and (4) graphs. We begin with
finding inverses of functions represented by maps or sets of ordered pairs.

( EXAMPLE 3 |

Finding the Inverse of a Function Defined by a Map

Find the inverse of the function defined by the map. Let the domain of the function
represent certain states, and let the range represent the states’ populations
(in millions). Find the domain and the range of the inverse function.
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Population

State (in millions)
Indiana 6.6
Washington > 7.1
South Dakota 0.9
North Carolina 9.9
Oklahoma > 3.9

The function is one-to-one. To find the inverse function, interchange the elements
in the domain with the elements in the range. For example, the function receives as
input Indiana and outputs 6.6 million. So the inverse receives as input 6.6 million and
outputs Indiana. The inverse function is shown next.

Population

(in millions) State
6.6 Indiana
7.1 Washington
0.9 > South Dakota
9.9 North Carolina
3.9 Oklahoma

The domain of the inverse function is {6.6,7.1,0.9,9.9,3.9}. The range of the
inverse functionis { Indiana, Washington, South Dakota,North Carolina, Oklahoma}.

If the function f is a set of ordered pairs (x, y), then the inverse function of f,
denoted f7!, is the set of ordered pairs (y, x).

( EXAMPLE 4

Solution

Range of f

Domain of £~

Finding the Inverse of a Function Defined
by a Set of Ordered Pairs

Find the inverse of the following one-to-one function:
{(=3,-27), (=2,-8), (=1,-1), (0,0), (1,1), (2, 8), (3,27) }
State the domain and the range of the function and its inverse.

The inverse of the given function is found by interchanging the entries in each
ordered pair and so is given by

{(=27,-3),(=8,-2), (=1,-1), (0,0), (1,1), (8,2), (27,3) }
The domain of the function is {—3, =2, —1,0, 1,2, 3}. The range of the function
is {-27,-8,-1,0,1,8,27}. The domain of the inverse function is
{—27,-8,—1,0, 1, 8, 27}.Therange of the inverse functionis { =3, —=2, —1,0,1,2,3}.
|
e Now Work pPrROBLEMS 27 anD 31

Remember, if f is a one-to-one function, it has an inverse function, f!. See
Figure 11.

Based on the results of Example 4 and Figure 11, two facts are now apparent
about a one-to-one function f and its inverse f ..

Domain of f = Range of f! Range of f = Domain of !

Look again at Figure 11 to visualize the relationship. Starting with x, applying f, and
then applying f ! gets x back again. Starting with x, applying !, and then applying f
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WARNING Be careful! f"'isasymbol  gets the number x back again. To put it simply, what f does, f~' undoes, and vice
for the inverse function of f. The =1 versa. See the illustration that follows.
used in f~' is not an exponent. That

is, f~! does not mean the reciprocal of f; | Input x from domain of f | Al f(x) M)l Y (f(x)) =x

f!(x) is not equal to f(ic)'
| Input x from domain of £~ | M)l f(x) Al f(F (X)) = x
In other words,
F1(f(x)) = x where x is in the domain of f
Ff(f Y(x)) = x where x is in the domain of f
Consider the function f(x) = 2x, which multiplies the argument x by 2.
The inverse function f~! undoes whatever f does. So the inverse function of f is
1
fix) = 5% which divides the argument by 2. For example, f(3) =2(3) =6
1
and f71(6) = 5(6) = 3,50 f ! undoes what f did. This is verified by showing that
f
.1 eix-
X £ f(x) = 2x _ _ 1 _ 1 1
~L ) =0 =320 = and (@) = () =2 ) =
f1(2x) = 3(2x) = x
Figure 12 See Figure 12.

( EXAMPLE 5 J Verifying Inverse Functions
(a) Verify that the inverse of g(x) = x*isg !(x) = Vx.

1
(b) Verify that the inverse of f(x) = 2x + 3is f !(x) = 5 (x = 3).

Solution  (a) g '(g(x)) =g '(x*) = Vx’ =x forallxin the domain of g
g(gt(x)) =g(%) = (\3/;)3 = x for all x in the domain of g
(b) fFH(f(x)) =f"(2x+3) =

for all x in the

1
[ (2x +3) — 3] :E(ZX) =X domain of

N | =

for all x in the
domain of !

frten =1(50-9) =203 +3= -3 43 -

( EXAMPLE 6 J Verifying Inverse Functions
Verify that the inverse of f(x) =

1
x—1
F'(f(x)) = x? For what values of xis f( f'(x)) = x?

1
is f71(x) = = + 1. For what values of x is
X

Solution  The domain of fis {x|x # 1} and the domain of £ 'is {x|x # 0}.Now

fl(f(x))=f1< ! ): ! +1=x—-1+1=x providedx # 1

x—1 1
x—1
) = (L) = =L ot providear 20
<x+1>_1 x n

e Now Work ProBLEMS 35 AnND 39
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3 Obtain the Graph of the Inverse Function

Table 1

EMAL FLORT ALTD RESL REDIAN MP

from the Graph of the Function

For the functions in Example 5(b), we list points on the graph of / = Y] and on the
graph of f~! = ¥, in Table 1. Note that whenever (a, b) is on the graph of f then
(b, a) is on the graph of . Figure 13 shows these points plotted. Also shown is the
graph of y = x, which you should observe is a line of symmetry of the points.

EMAL FLORT ALTD RZSL REDIAN MP
RESE CHTOR TOCDIT
o
E

WOEpFSl FLOAT ALTD WESL IRdTal e

Figure 14

THEOREM

. Figure 13
Exploration

Simultaneously graph Y; = x, Y, = x5, and Y5 = Vxona square screen with —3 = x = 3. What
do you observe about the graphs of ¥, = x3, its inverse Y; = \3& and the line Y; = x?

1
Repeat this experiment by simultaneously graphing Y1 = x, Y, = 2x + 3,and Y3 = > (x—3)ona

square screen with —6 = x = 3. Do you see the symmetry of the graph of Y, and its inverse Y3 with
respect to the line Y} = x? [ ]

Suppose that (a, b) is a point on the graph of a one-to-one function f defined
by y = f(x). Then b = f(a). This means that a = f~'(b), so (b, a) is a point on
the graph of the inverse function f~'. The relationship between the point (a, b) on
f and the point (b, a) on f~!is shown in Figure 14.The line segment with endpoints
(a,b) and (b, a) is perpendicular to the line y = x and is bisected by the line
y = x. (Do you see why?) It follows that the point (b,a) on f! is the reflection
about the line y = x of the point (a, b) on f.

The graph of a one-to-one function f and the graph of its inverse function !

are symmetric with respect to the line y = x. .

Figure 15 illustrates this result. Once the graph of f is known, the graph of f~!
may be obtained by reflecting the graph of f about the line y = x.

( EXAMPLE 7

yooy=1x)

(ag, by) +—

(ay, by)

(ay, by)

by, a,)

Figure 15

Figure 16

Graphing the Inverse Function

The graph in Figure 16(a) is that of a one-to-one function y = f(x). Draw the graph
of its inverse.

Solution Begin by adding the graph of y = x to Figure 16(a). Since the points
(=2,-1),(—=1,0),and (2, 1) are on the graph of f, the points (—1, =2), (0, —1),
and (1,2) must be on the graph of f~!. Keeping in mind that the graph of ! is the
reflection about the line y = x of the graph of f, draw the graph of f~. See Figure 16(b).

y y
y=x

wme=====- Now Work proBLEM 45
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4 Find the Inverse of a Function Defined by an Equation

The fact that the graphs of a one-to-one function f and its inverse function f~! are
symmetric with respect to the line y = x tells us more. It says that we can obtain f
by interchanging the roles of x and y in f. Look again at Figure 15. If f is defined
by the equation

y=f(x)
then ! is defined by the equation
x=f(y)

The equation x = f(y) defines f! implicitly. If we can solve this equation for
y, we will have the explicit form of f~!, that is,

— 1
y=1"(x)
Let’s use this procedure to find the inverse of f(x) = 2x + 3. (Because f is a
linear function and is increasing, f is one-to-one and so has an inverse function.)

( EXAMPLE 8 J How to Find the Inverse Function

Find the inverse of f(x) = 2x + 3. Graph f and f~! on the same coordinate axes.

Step-by-Step Solution
Replace f(x) with yin f(x) = 2x + 3 and obtain y = 2x + 3. Now interchange the

Step 1: Replace f(x) with y. In E .
P ’ (x) ’ variables x and y to obtain

y = f(x), interchange the variables x

and yto obtain x = f(y). This x=2y+3

equation defines the inverse function

1 implicitly. This equation defines the inverse function f~! implicitly.

Step 2: If possible, solve the implicit To find the explicit form of the inverse, solve x = 2y + 3 for y.

equation for y in terms of x to obtain

x=2y+3
the explicit form of £, y = 71 (x). Y
2y +3=x Reflexive Property; If a = b, then b = a.
2y =x—3 Subtract 3 from both sides.

1 1
y = E(X —3) Multiply both sides by >
The explicit form of the inverse function f ! is

) = 5= 3)

Step 3: Check the result by We verified that fand f~! are inverses in Example 5(b).
showing that 71 (f (x)) = x and
FOFH(x)) =x The graphs of f(x) = 2x + 3 and its inverse f!(x) = % (x — 3) are shown
y in Figure 17 Note the symmetry of the graphs with respect to the line y = x. ]
s s Procedure for Finding the Inverse of a One-to-One Function
e Step 1: Iny = f(x), interchange the variables x and y to obtain
/— 7700 = 30— 3) x = f(y)
Y ./1/.T This equation defines the inverse function £~ implicitly.
- / 5o STep 2: If possible, solve the implicit equation for y in terms of x to obtain the
B explicit form of £
B y=1")
- STep 3: Check the result by showing that

Figure 17 FU(f(x)) =x and f(f ' (x)) =x


http://www.downloadslide.net

www.downloadslide.net
SECTION 6.2 One-to-One Functions; Inverse Functions 423

( EXAMPLE 9

Solution

Finding the Inverse Function

The function 5 .
X +
= # 1
fo) =" x

is one-to-one. Find its inverse function and check the result.

STEP 1: Replace f(x) with y and interchange the variables x and y in

_2x+1
x—1
to obtain
2y +1
x_
y—1
STEP 2: Solve for y.
2y +1
x = v -1

x(y—1) =2y +1 Multiply both sidesby y — 1.
xy —x =2y +1 Apply the Distributive Property.
xy—2y=x+1 Subtract 2y from both sides; add x to both sides.
(x—=2)y=x+1 Factor.
x+1
x—2

y = Divide by x — 2.

The inverse function is

+1
fix) = i — X # 2 Replace y by f~1(x).

STEP 3: / Check:

2x + 1
2x + 1 x—1 2x+1+x—1 3x
-1 = —1 = = = — = #1
fou) f(x—l) 241 wrl-2x-1) 3 7
x—1
x+1
2 +1
4 _ x+1)_ (x—2> C2(x+1) +x-2 3x
= = = == #* 2
FE () f(x—Z x—f—l_1 x+1-(x—-2) 3 X
x—2 [ ]
Exploration
. 2x+ 1 1 x+1 .
In Example 9, we found that if f(x) = =1 then 7+ (x) = o Compare the vertical and

horizontal asymptotes of f and 1.
Result The vertical asymptote of f is x = 1, and the horizontal asymptote is y = 2. The vertical
asymptote of 1 is x = 2, and the horizontal asymptote is y = 1. [

e Now Work ProBLEMS 53 AND 67

If a function is not one-to-one, it has no inverse function. Sometimes, though, an
appropriate restriction on the domain of such a function will yield a new function
that is one-to-one. Then the function defined on the restricted domain has an
inverse function. Let’s look at an example of this common practice.

( EXAMPLE 10 |

Solution

Finding the Inverse of a Domain-restricted Function
Find the inverse of y = f(x) = x*if x = 0. Graph f and .

The function y = x? is not one-to-one. [Refer to Example 2(a).] However, restricting
the domain of this function to x = 0, as indicated, results in a new function that
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is increasing and therefore is one-to-one. Consequently, the function defined by
y = f(x) = x*,x = 0, has an inverse function, f'.
Follow the steps given previously to find 7'
STEP 1: In the equation y = x?, x = 0, interchange the variables x and y. The result is
x=y> y=0
y, [0 =x 2x=0 y=x This equation defines the inverse function implicitly.
25 STEP 2: Solve for y to get the explicit form of the inverse. Because y = 0, only one
Fx) =x solution for y is obtained: y = V. So fix) = V.
StEP 3: o/ Check: f‘1 (f(x)) = f_l(x ) = Vil = \x\ = x because x = 0
| |
Figure 18 illustrates the graphs of f ( )y =x*,x=0,and f! = V/x. Note that the
Figure 18 domainof f = rangeof f ! = [0, 00),and the domain of f~ 1 = range of f=[0,00).
|

SUMMARY

4. The graphs of f and f!

is the inverse of f, show that f
f(fY(x)) = x for every x in the domain of f~!.

1. If a function f is one-to-one, then it has an inverse function f .
2. Domain of f = Range of f~!; Range of f = Domain of .
3. To verify that ! “1(f(x)) = x for every x in the domain of f and that

are symmetric with respect to the line y = x.

6.2 Assess Your Understanding

‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1.

2. Where is the function f(x) = x? increasing? Where is it

3.

Is the set of ordered pairs {(1,3), (2,
function? Why or why not? (pp. 207-210)

3)’ (_

decreasing? (p. 234)
x+5

2 (pp. 214216
Zia—1s PP )

What is the domain of f(x) =

Concepts and Vocabulary

1,2)} a

4. Simplify: )1‘

1
41

(pp- 69-70)

-1
X2

5.

If x; and x, are two different inputs of a function f, then fis
one-to-one if

. If every horizontal line intersects the graph of a function f

at no more than one point, then f is a(n)

10.

11.

True or False If f and g are inverse functions, then the
domain of f is the same as the range of g.

If (=2, 3) is a point on the graph of a one-to-one function f,
which of the following points is on the graph of f~1?

function. (a) (3,-2) (b) (2,-3) (¢) (—=3,2) (d) (—2,-3)
7. If1 f is a one-to-one function and f(3) =8, then 12. Suppose f is a one-to-one function with a domain of
178 = N
/ (—1) ; . {x|x # 3} and a range of {x X # f}. Which of the
8. If f . dg{lotes the 1nvte.rse (?tfha functli)? ft, I:hGI:.n the graphs of following is the domain of £
fand f ar.e symmetric wi respef: o : e line (@) {xlx = 3} (b) All real numbers
9. If the domain of a one-to-one function f is [4, 00), then the 2 2
range of its inverse function f ! is (o) {x x # 3% # 3} (d){x X # g}
Skill Building
In Problems 13-20, determine whether the function is one-to-one.
. 13.  Domain Range 14.  Domain Range
20 Hours $200 Bob \><—r Karla
25 Hours $300 Dave — > Debra
30 Hours $350 John Dawn
40 Hours $425 Chuck Phoebe
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15. Domain Range
20 Hours —2 $200
25 Hours L |

40 Hours

. $350
30 Hours -

$425

17, {(2,6), (=3,6), (4,9), (1,10)}
19. {(0,0), (1,1), (2,16), (3,81)}

SECTION 6.2 One-to-One
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Functions; Inverse Functions

16.  Domain Range
Bob Karla
Dave Debra
John 2 Phoebe
—
Chuck -

18. {(-2,5), (~1,3), (3.7), (4,12)}
20. {(1,2), (2,8), (3,18), (4,32)}

In Problems 21-26, the graph of a function f is given. Use the horizontal-line test to determine whether f is one-to-one.

\ 21 y
3 —
I |4|/ L1
-3 3 x
_3 -
24. y
2
-3
/I L1

23.

26.

22. y
3 —
| | | K |
-3 3 X
—3F
25.
L L L
-3

In Problems 27-34, find the inverse of each one-to-one function. State the domain and the range of each inverse function.

\. 27. Annual Precipitation

Location (inches)

Atlanta, GA 49.7

Boston, MA 43.8

Las Vegas, NV 4.2

Miami, FL 61.9

Los Angeles, CA 12.8

Source: currentresults.com
29. Monthly Cost

Age of Life Insurance
30 $10.59
40 $12.52
45 $15.94

Source: tiaa-creforg

N3 {(=3,5), (=2,9), (—1,2), (0,11), (1,-5)}
33. {(-2.1), (=3,2), (=10,0), (1,9), (2,4)}

28. Domestic Gross

Title (millions)
Avatar $761
Titanic $659
Marvel’s The Avengers $623
The Dark Knight $535
Star Wars: Episode One — $475
The Phantom Menace

Source: boxofficemojo.com

30. State Unemployment Ratt
Virginia 4.7%
Nevada 7.1%
Tennessee 6.6%
Texas 4.3%

Source: United States Bureau of Labor Statistics, March 2015
32. {(7272)’ (71’6)7 (0’8)7 (L 73)a (27 9)}
34. {(_27 _8)7 (_17 _1)7 (0v0)7 (L 1)7 (25 8)}

In Problems 35-44, verify that the functions f and g are inverses of each other by showing that f(g(x)) = x and g(f(x)) = x. Give any
values of x that need to be excluded from the domain of f and the domain of g.

\ 3s. f(x) =3x+4; g(x) :g(x —4)
37. f(x) =dx — 8 g(x) :§+2
\ 30. flx) =x—8 gx)=Vx+8

36. f(x) =3 —2x; g(x)=
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In Problems 51-62,
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of fand f~. (¢c) Graph f, f~', and y = x on the same coordinate axes.

1 42. f(x) = x; xX) =x
A f(0) = gl = Jbo =8t
x +3 4x -3 x—5 3x+5
43. = . = . = . =
B =T s =y W) =57 8= 1y
In Problems 45-50, the graph of a one-to-one function f is given. Draw the graph of the inverse function .
45, y y=x 46. y V=X 47. y y=x
3 3+ 3
(1,2)
5 e e
(10 L [ ettt [ [
-3 3 x -3 (1,00 3 X -3 3 X
L (-1, -1 ¢
(—2,-2) (—2,-2) (0.1 i
=3 =3r -3r
49. y y=x 50. y y=x
3r 2
1 ﬂl/ L | | ] ]
-3 3 X -2 2 X
- _2 —

the function f is one-to-one. (a) Find its inverse function f~' and check your answer. (b) Find the domain and the range

51. f(x) = 3x 52, f(x) = —dx N 53 f(x) =dx +2
54, f(x) =1—3x 55. f(x) =x*—1 56. f(x) =x>+1
57. f(x) =x*+4, x=0 58. f(x) =x*+9, x=0 59. f(x) = -
3 1 4
3 == . = 2. =
60. f(x) =~ 61. f(x) = — 62 f(x) = >
In Problems 6374, the function f is one-to-one. (a) Find its inverse function f~' and check your answer. (b) Find the domain and the range
of fand f.
4 3x
63. f(x)—3+x 64. f(x)_Z—x 65. f(x)_x+2
X \ . _ 3+l
66. f(x) = T—1 w67, f(x) F— 68. f(x) = <
3x + 4 2x — 3 2x +3
69. f(x) = P — 70. f(x) = <4 71. f(x) = )
x4 X —4 X’ +3
2 f(x) =——5~ Bf(x) =g x>0 T f(x) =55 x>0
Applications and Extensions
75. Use the graph of y = f(x) given in Problem 45 to evaluate 80. The domain of a one-to-one function fis [0, 00), and its

the following:

(© f(1)

() f7(0)

(a) f(=1)  (b) £(1)
76.
the following:
(a) f(2) (b) £(1)
77. If £(7) = 13 and fis one-to-one, what is f~!(13)?

78.
79.

If g(—5) = 3 and g is one-to-one, what is g1 (3)?

@ f1(2)
Use the graph of y = f(x) given in Problem 46 to evaluate

@ (-1

The domain of a one-to-one function fis [5, 00), and its

range is [ —2, ). State the domain and the range of £,

81.

82.

83.

84.

range is [ 5, 00). State the domain and the range of f .

The domain of a one-to-one function g is (—00,0], and its
range is [0, 00). State the domain and the range of g™\

The domain of a one-to-one function g is [0,15], and its
range is (0, 8). State the domain and the range of g .

A function y = f(x) isincreasing on the interval [0, 5 ]. What
conclusions can you draw about the graph of y = f!(x)?

A function y = f(x) is decreasing on the interval [0, 5 ]. What
conclusions can you draw about the graph of y = f~!(x)?
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