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NGHIEN CUU KHA NANG SU DUNG MA TRAN CO SO
TRONG VIEC XAC PINH PUONG EPIPOLAR PHUC VU TU DPONG
TIM PIEM CUNG TEN TREN CAP ANH LAP THE

NGUYEN BA DUY, Truong Pai hoc Mo - Pia chat

Tém tat: Hinh hoc epipolar (epipolar geometry) la quan hé hinh hoc cua hai matphang anh
trong cap anh ldp the N6 déc ldp véi cdu triic anh va chi phu thudc vao yéu té dinh huéng
trong va cdc yeu 16 dinh hwéng ngodi. Trong cong nghé do anh, dac biét la khdu tw dong tim
diém dnh cing tén trén cdp anh Idp thé; cdc yéu to hinh hoc epipolar dong mot vai tro quan
trong trong viéc thu hep pham vi tim kiém. Thudt todn t dong tim dzem cung tén duoc dp
dung trén cdc phan mém do anh hién nay déu duya trén co so Zy thuyet vé hinh hoc eplpolar
Tuy nhién, ky thudt nay lai yéu cau cdc théng sé dau vao la cdc yéu té dinh hiedng ciia mady
chup danh, do vdy né con ton tai nhitng han ché nhat dinh. Bai bdo nay gidi thiéu kha nang
su dung ma tran co so F (Fundamental matrix) phuc vu xdc dinh dwong epipolar ma khong
can sir dung cdc yeu 16 dinh hudng ciia may chup anh. Ngi dung nghién ciru bao gom, nghién
citu cor s6 1y thuyét ciia phwong phdp xdy dung ma trin co s6, phieong phdp gidi ma trdn co
s6, phwong phdp xdc dinh dwong epipolar trén cdp dnh ldp thé dwa trén ma trdn co sé Va thye
nghiém ldp chwong trinh xdc dinh dwong epipolar trén cdp anh ldp thé sir dung ma trdn co
SO trén co s6 ngon ngir ldp trinh Matlab. Két qud cho thdy kha ndang va tam quan trong cia

viéc p dung ma trgn co so trong cong nghé do anh.

1. Pt van dé

Ty dong tim diém cung tén trén cap anh lap
thé hay con duoc goi 1a k¥ thuat khép anh
(matching) 1a mét cong doan quan trong cua
cong nghé do anh. Ly thuyét khop anh dua trén
dac tinh hinh hoc cta cé@p anh 1ap thé va trén co
s¢ hinh hoc epipolar véi muc dich tao ra cac
duong epipolar song song voi nhau trén mot cap
anh 1ap thé chuan hoa, & d6 thi sai doc bang 0
[1]. K§ thuat nay cho phép thu hep vung khéng
gian tim kiém diém anh cung tén. Céc thuat toan
chii yéu duoc ap dung trong cac phan mém do
anh hién nay phuc vu cho khau tg dong tim diém
cung tén dugc ap dung déu dya trén co so ly
thuyét vé hinh hoc epipolar [2]. Céc thuét toan
dua trén co so ly thuyét nay yéu cau cac thong sd
dau vao bao gdm: cac yéu t6 dinh hudng trong
(Xo, Yo, f) va cac yéu t6 dinh huéng ngoai
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(Xo, Yo, Zo, ¢, , k) cia may chup anh, do vay né
con ton tai nhiing han che nhét dinh, gia sir nhu
trong diéu kién cac yéu té dinh huéng nay khong
dugc xéac dinh. Mat khac, trong nhitng nam gﬁn
day rat nhiéu tng dung ctia ma tran co sé vao doi
sdng ma cu thé 1a ty dong hda trong linh vuc
cong nghi¢p ndi chung va trong linh vuc do anh
n6i riéng dang 1a mot xu hudng méi va day tiém
nang [3,4,5]. Do d6 nghién ctru kha nang str dung
ma tran co s¢ phuc vu xac dinh dudng epipolar
ma khong can sir dung cac yéu té dinh hudéng cua
méay chup anh c6 ¥ nghia va can thiét khong
nhing trong linh vyc nghién ctru giang day ma
con phu hop voi xu thé phat trién cua cong nghé
do anh trong thuc té san xuét.
2. Céc yéu t6 hinh hoc epipolar

Céc yéu t6 hinh hoc epipolar duoc mo ta chi
tiét nhu hinh 1 duéi day:



Mit phing day epipolar =

\ X

Hinh 1. Cdc yéu té hinh hoc Epipolar

Trong hinh 1 (a) hai may chup anh (c6 cac
thong s k¥ thuat gidng nhau), hodc cling mét
may chup anh chyp cung mdt ddi tuong ¢ hai vi
tri khac nhau cia tdm chup duoc xac dinh bdi hai
tdm chup anh Sy, Sz va cic mat phang anh tuong
{rmg 13 mat phang anh trai M’ va mat phang anh
phai M”’. Puong thang ndi S1 véi Sz duge goi 1a
duong day anh B. X 1a mot diém bét ky trong hé
toa d6 khong gian vat, x” va x”’ 1a cac diém anh
twong tmg ctia NG trén M’, M, R, = S, X, R, =
SZ—X tuong ung la vector toa do diém vat trong hé
toa do khong gian ctuia anh trai, va hé toa do
khong gian cta dnh phai.

Céc yéu tb hinh hoc epipolar dugc thé hién
trong hinh 1 (b) bao gom: diém epipole ¢’, ¢** 1a
giao diém ctia duong day anh véi hai mat phang
anh; mat phang epipolar (mit phang 7) 1a mit
phang chira giao diém cua hai tia chiéu cung tén
Six’, S2x”’ va duong day anh S$1S; (¢ vo sd mit
phang epipolar), hinh chiéu (vét) ctia mat phang
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nay trén hai anh la duong epipolar I’ va 1’’, cac
duong nay thuong khong song song véi nhau va
ddng quy tai diém epipole (hinh 2).

Hinh hoc epipolar giira hai anh trong cap anh
lap thé thuc chat 1a quan hé hinh hoc cua su giao
nhau giita mit phang anh v6i chim mat phang c6
truc 12 duong day anh S1S,. Mdi quan hé hinh
hoc nay sé& thu hep pham vi tim diém cung tén
trong phuong phap do anh lap thé (stereo
matchlng) Theo 1y thuyet do anh thi: S1, Sz, X,
X’, X"’ nam trén cing mot mit phang (mat phiang
n) con duoc goi 1a mit phang day. Day chinh 13
diéu kién dong phang trong do anh, no dong vai
tro quan trong trong cac thuit toan tim céc diém
anh clng tén, boi vi néu viéc tim diém anh tuong
g véi x” khong can phai thyc hién trén toan bo
mit phang anh, ma chi giéi han trong duong 1’
thi cong viéc tim kiém s& duoc thuc hién rat
nhanh. Do vay, viéc xac dinh duong I’ ¢6 y
nghia v0 cung quan trong.
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Hinh 2. Puong epipolar trén cdp dnh ldp thé

77



3. Ma tran cin thiét E, ma trian co s F va kha
nang ap dung xac dinh duwong epipolar
3.1. Thanh ldp ma trdn can thiét E va ma trin
cosoF

Dua trén tinh chit ddng phang cta 3 vector,
ﬁ; = ﬁ;— §,§,R_1) , két hop v6i mbi quan hé
gitta R, va R, , ma trn xoay A 12 ma tran truc
giao (ta c6 ma trin xoay cua anh trai A, , VOi
cac goc xoay tuong ung la ¢4, w1, k; , ma tran
xoay cua anh phai Ay, 4, , VOl cdc goc xoay
trong tng 13 @,, w,, ky). Khi viét dudi dang
quan h¢ toa do thi ta co:

{ RT(BXxR,) =0 o

Ry = A(p,w,K(RZ —B)
{(Rz —B)'(BXRy)=0
Ry = A(p,a),k(Rz —B)

RTA(pw,c(B XR;) =0, 1)

do AT(;)wKRl (RZ B) « R{A(p,w,rc
= (R, —B)" (ATA=E)

Phuong trinh (1) ¢ thé dugc voi lai dudi
dang:

R{A(p,w,KSRZ =0, (2)
trong d6 S 1a toan tir nhan chéo duoc bién doi tir
B, cu thé:

B, X
B xR, & |By| x yz]=
Bz Zz2
0 -B, B, px
=| B, 0 —By | X y2]=SR2’ 3)
-B, B, 0| lz

Néu gan AgwiS = E, thi phuong trinh (2)
s& dugc viét lai thanh: RTER, = 0, trong d6 ma
tran E dugc goi 1a ma tran can thiét [1].

Ap dung diéu kién dong phuong cua vector
diém anh trong hé toa do khong gian anh (' 12
vector toa do diém anh trong h¢ toa do khong
gian anh trai, '’ 1a vector toa do diém anh trong
hé toa do khong gian anh phai) voi vector diém
vat trong h¢ toa d§ khong gian vat ta co:

I _ - "
r= A(P1.w1.K1R1 A§01 w7 = Ry
,’ — 1 " _
r= AQOZJerKZRZ « A(pz waky T = Ry&
RTER, =0 RTER, =0
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(r )T(A(pl w1, Kl = R;{
>4 Al r'=R, o

P2,W2,K2"
RTER, =0
(T' )T(A<P1 w1, K1 EA(P; w3z, Kzr”:O
(r )T{((A(pl w1, Kl EA(p; W, Kz)}r ”:0
o @)Fr'=0. (4)
Ma tran F = (A,} 4, )" EAgr 0,0k, duoc

goi 1a ma tran co so [9].

Nhu vay c6 thé thay ma tran co so F 1a biéu
dién dai sd cta hinh hoc epipolar. P6 1a mot ma
tran 3x3 va c6 hang 1a 2 (rank = 2). Néu mot
diém X bat ky thudc hé toa do khong gian vat co
vector toa d0 tuong ng trén anh trai la r’ va trén
anh phai 1 r’’ thi hai diém anh nay s& théa man
cbng thirc:

()Fr> =0 : (5)

Ma tran co s& F doc lap voi cau triic anh va
1a biéu dién dai s6 cua yéu t6 hinh hoc epipolar.
Tuy nhién, no ¢6 thé duge udc lwong tir viée im
tuong Ung gitra cac dlem anh doc 1ap ma khong
can blet vé cac yéu td dinh hudng trong va cac
yéu t6 dinh huéng ngoai ciia may chup anh.

3.2. Thudt todn gidi ma trdn co s¢ F

Trong phan nay, chiing ta tim hiéu cach xac
dinh ma tran co so F bang phuong phap 8 diém.
Ngoai phuong phép nay ra, ma tran tran co s¢
con duogc xac dinh tir cac thong sb camera [2].
Co s& cho thuat toan 8 diém 1a biéu thic (5). Tinh
chat nay ding cho moi cip diém tuong tig trong
cip anh lap thé: gia st p’[x’, ¥/, 1] va
p"[x", y", 1] la cac diém cing tén. Thyc
hién cac phép nhan va bién ddi ma tran, phuong
trinh (2) c6 thé duoc viét lai dudi dang phuong
trinh (6).

xHfo‘ll+x||y|f‘12+xﬂf‘13+y”fo21+
YV S vy s X Ay i+ 53 =0

. (6)

Goi f1a mot vector ¢6 9 phén tir 13 cac phan
tr cia ma tran F. Khi d6, tap hop n cip diém
cling tén s& cho mot hé phuong trinh tuyén tinh
dung dé tinh ma tran F nhu trong hé (7) dudi day.
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Ma tran hé s6 A duogc hinh thanh tir cac diém cung tén trén c@p anh lap thé nén cac diéu kién 1a
rat kém (cac phuong trinh s€ phu thudc tuyén tinh néu cac diém cung tén nam trén cung mot duong
thang). Do d6 diéu kién dé giai hé phuong trinh nay 12 ma tran A phai c6 hang tdi thiéu 1a 8. Néu s6
lidu do 1a chinh xac va hang cta A 1a 8 thi 10i giai ctia bai toan 13 duy nhét (s6 phuong trinh bang véi
s6 an s6 can xéac dinh). Tuy nhién, thuc té khong thé tranh khoi sai s6 do, khi d6 khi chiing ta ting s6
tri do, tirc 1a ma tran A c6 thé c6 hang 16n hon 8 va trong truong hop nay, ta giai hé (7) bang phuong
phap sé binh phuong nho nhat.

3.3. Khd nang st dung ma trdn co so F vao xdc dinh du’é‘ng epipolar

Xét hai diém cung tén p’ (x*, y’) trong hé toa mat phang anh trai, p’’ (x’’, y’’) trong trong hé toa

mat phang anh phai. Khi d6 biéu thirc (5) dugc viét lai c6 dang:

xlI
&y DF (y) =0, (8)
1

© (Fix" + Fp1y" + Fia).x" + (Fou X" + Fory" + Fa3).y" 4+ (Fa1x" + F3py" + F33) = 0

© (Fux' + Fp1y' + F31).x" 4 (Fiax' + Fapy' + F32). " + (Fizx' + Fp3y’ + F33) = 0

oax"+by"+c=0;voia=(F1x"+F;y' +Fi3),b

= (Fp1x" + Fo1y" + Fa3),¢ = (F31x" + F3py" + Fa3) . ©)

Phuong trinh (9) c6 dang tong quat 1 ax + by +c =0, day la phuong trinh dudng thang, vi vay
néu biét toa do (x’, y’) diém p’ trén anh trai va néu biét ma tran co s F thi ta hoan toan xac dinh dugc
cac hé séa, b, c cua phuong trinh duong thang epipolar 1”’, tirc 12 ¢6 thé v& dugc mot dudng epipolar
li" cho anh pha1 g voi diém p’(x’, y ). Pé xac dinh duong epipolar [; cho anh trai, ta dya trén toa
do ctia diém p’ da biét va toa do cua diém eplpole e’ trong anh trai (toa d6 ctia diém e’ chua biét, ta
can phai xac dinh. Ta lai c0, e’ 1a giao diém cua tit ca cac dudng epipolar trong anh trai nén
p’Fe’ =0 véi moi p’” thudc dudng epipolar [;’ ciia anh phai, n6i cach khac:

Fe’=0 (10)
trong phuong trinh (10) do ma tran c6 s¢ F da biét nén ta hoan toan xac dinh dugc €’. Do do, duong
duong epipolar I} cho anh trai c6 thé duge viét dua trén toa d¢ hai diém p’ vae’.

4. Thuce nghiém

Trong phan nay dua trén co s nghién ctru ly thuyét da gi6i thiéu trong muc 3, tac giai da tién
hanh 1ap chuong trinh do dac toa dd cac diém cung tén trén cip anh lap thé bat ky va xac dinh duong
epipolar dya vao viéc sir dung ma tran co s F (chuwong trinh dugc viét trén ngon ngir 1ap trinh Matlab).
S6 lidu dao vao 1a toa do cac diém cung tén trén cdp anh lap thé (12 diém) c6 vi tri nhu trong hinh 3
va s6 liéu do nhu trong bang 1.

Két qua tinh toan bao gdm: ma tran co sé F (biéu thirc 11), toa d6 cac diém trén anh trai (str dung
dé mo ta) va cac hé sd ctia phuong trinh dudng epipolar trén anh phai duoc xac dinh bang viéc sir
dung ma tran co s¢ F (bang 2). Hinh anh cac duong epipolar dugc mé ta nhu trong hinh 4.
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Badng 1. Toa do mat phcfng cac diém cung tén trén cap anh lap thé

STT Toa dd diém anh trén anh trai Toa d6 diém anh trén anh phai
x’ y’ x’’ y”’

1 221,06 144,39 337,72 110,17
2 860,39 117,94 819,94 99,28
3 1281,94 191,06 1345,72 178,61
4 1305,28 450,83 1364,39 424,39
5 1051,72 547,28 1062,61 509,94
6 857,28 315,50 762,39 289,06
7 31,28 429,06 147,94 380,83
8 230,39 906,61 252,17 842,83
9 553,94 1203,72 633,28 1130,61
10 1075,06 1139,94 973,94 1082,39
11 1449,94 1340,61 1484,17 1278,39
12 936,61 791,50 851,06 746,39

Hinh 3. Vi tri cdc diém cung tén dwoc lya chon do toa do trén cap anh lap thé

Anh trai

om0

14am

Anh phdi

-2,87E—-07 7,32E—-07 0,0008085
F =|-458E—-07 -2,55E—-07 0,0367616],
—0,001175 —0,035087 0,9987069
STT Toa do diém p; trén Heé s6 ctia phuong trinh
(i) anh trai duong epipolar trén anh phai
X’ y’ a b c
1 1003,5 1142,0 | 0,0016 0,0360 -40,25
2 396,1 629,4 0,0013 0,0364 -21,55
3 831,6 830,9 0,0014 0,0362 -29,14
4 12435 976.1 0,0015 0,0359 -34,71
5 704,2 430,9 0,0011 0,0363 -14,95
6 653,8 214,6 0,0010 0,0364 -7,30

(11)



Diém mé ta va duong epipolar
trén anh trdi

Du’(}ng épipélar tu’ong u’ng
trén anh nhdi

Hinh 4. Vi tri cdc diém mé ta va dwong epipolar trén cdp anh ldp thé
dwoc xdc dinh bang viéc sir dung ma tran co so F

5. Nhan xét va két luin

Trén co sé nghién ctu 1y thuyét va thuc
nghiém di dugc trinh bay & trén cho thiy, viéc
st dung ma tran co s¢ dugc thanh 1ap va gidi trén
co s6 toa do cuia cac diém anh cung tén cho phép
xéc dinh dudng epopilar trén cap anh 1ap thé mot
cach nhanh gon, don gian, dé hiéu ma khong yéu
cau nhing yéu té dinh huéng cia may chup anh.
Véi nhitng wu diém d6, c6 thé budc dau khang
dinh tdm quan trong ctia ma trdn co s¢ trong
nghién ctru giang day chuyén nganh do anh ma
con trong ca thuc té san xuat ctia cong nghé do
anh. Tuy nhién day mai chi 1a nghién ctru budce
dau, vi thé dé khang dinh tinh uu viét ciing nhu
d6 chinh xé4c ctia phuong phép thi can c6 nhung
nghién ctru thém va cén ¢ nhiing so sanh, danh
gia cu thé véi cac phuong phap khac.
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SUMMARY
Study on the methods of epipolar line estimation using Fundamental matrix
Nguyen Ba Duy, Hanoi University of Mining and Geology

The epipolar geometry is the intrinsic projective geometry between two images in stereo pairs.
It is independent of scene structure, and only depends on the cameras’ internal parameters and relative
pose. This geometry is usually motivated by considering the search for corresponding points in stereo
matching algorithms, the benefit is that the search for the point corresponding need not cover the
entire image plane but can be restricted to the epipolar line. The conventional methods have their own
limitation that need to consider internal parameters and relative pose. This paper attempts to measure
mathematical ability of Fundamental matrix to estimate epipolar line. The contents include, study the
theoretical of the method of construction of the Fundamental matrix, algorithm to solved this matrix,
determine the epipolar lines of stereoscopic image pairs based on the Fundamental matrix and defined
test program on the epipolar line using stereoscopic image pairs matrix and applied for experimental
data. The results showed the ability and importance of the application of the Fundamental matrix in
photogrammetric technology.
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