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LOI NOI PAU
Tai li€u “Pai sO so cép” duoc viét nhim phuc vu sinh vién chuyén nganh Su pham Toan.
Noi dung cua tai lieu d€ cap dén cdc van dé: Ham s6 va do6 thi; Phuong trinh va h¢ phuong
trinh; Bat dang thic va bat phuong trinh.

Mot sb nodi dung dé cap trong tai liéu, sinh vién da duoc hoc so lugc trong chuong trinh
Toan phd thong. Tuy nhién, dé tro thanh thiy gido day t6t mon Todn khi ra truong, doi hoi
sinh vién phai nim viing ly thuyét va hoan thién céc phuong phap giai todn so cap.

Xudt phét tir yéu cau trén, ching to1 cb géng trinh ‘bay tuong d01 6 hé thong vé co so 1y
thuyét ciia cdc khai niém: Ham sd; Phuong trinh; Bt dang thic; Bat phurong trinh; Hé phuong
trinh. Céc ndi dung chiém mot phan quan trong trong chuong trinh Todn phd thong nhu:
Phuong trinh, bt phuong trinh vo ti; Phuong trinh, bat phwong trinh ma va logarit; Phuong
trinh lugng gidc, chiing tdi trinh bay thanh cdc chuong riéng dé sinh vién d& nghién ciu.

Tai li¢u dugc trinh bay thanh 6 chuong:

Chuong 1: Ham sé;

Chuong 2: Phuong trinh — Hé phuong trinh;

Chwong 3: Bat dang thirc — Bat phuong trinh;

Chwong 4: Phuong trinh, bt phuong trinh v ti;

Chwong 5: Phuong trinh, bit phuong trinh mii va logarit;

AN I

Chuong 6: Phuong trinh luong giac.

Mot yéu cau hét stic quan trong trong giai todn la: Viéc trinh bay bai giai phai chit chd va
logic. Dé rén cho sinh vién nhing k¥ ning d6, chiing toi cd gang dua vao tai lidu nhiéu vi du
vé thyc hanh giai todn. Cac vi du chiém mot khoi luong déng ké trong tai liéu, gidp sinh vién
c6 thé tu nghién ctru tai liéu trude khi-dén I6p. Piéu nay phit hop voi phuong thire dao tao
theo h¢ théng tin chi ¢ truong Pai hoc An Giang tor ndm hoc 2009 — 2010.

Cubi mdi chuong c6 hé théng bai tap da duoc lya chon, nhiéu vé sd luong, di cdc muc
do tir d& dén kho (ddi voi mot sb bai khés.chiing t0i c6 huéng dan céch gidi), yéu cu sinh vién
tu giai dé ren ky nang tim loi giai mot bai toan. Voi khdi luong quy dinh 1a 5 don vi hoc trinh,
tai liéu khong thé dé cap hét tat ca cac dang todn hay gdp cua cdc ndi dung vé phuong trinh,
bat phuong trinh va hé¢ phuong trinh nhu mot s tai lidu khic. Chiing t6i mong mubn ¢ sinh
vién 12 ty tong két va dic rit cho minh nhitng k¥ ning giai toan thong qua ty giai cdc bai tap
trong tai liu.

Cudi ciing, chiing t6i rat mong nhan dugc cdc ¥ kién déng gép qui bau cho ndi dung ciing
nhu hinh thic trinh bay trong tai li€u cua cic ban dong nghiép trong B6 moén Toan va Hoi
dong Khoa hoc Khoa Su pham ctung nhu cdc ban sinh vién dé tai lidu nay c6 thé duoc hoan
chinh t6t hon.

An Giang, thang 02 ndm 2009
Tac gia
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BANG MOT SO Ki HIEU VA CHU VIET TAT SU DUNG
TRONG TAI LIEU
N: Tap hop céc sd tu nhién: {0;1;2;...}.

7 Tap hop céc s6 nguyén: {..;—2;-1;0;1;2;...}.
Q: Tap hop céc s hitu ti: {%/a,be 7.b ;to}.

R : Tép hop céc sb thuc.
R": Tap hop cic sé thyc khéc khong.
R* : Tap hop céc sb thuc dwong.

z: Phép 14y tong tir 1 dén n.
1

{.../...} : Tép hop.

T, : Tép (mién) gid trj ciia ham sb f.

Mayx f (x): Gid tri 1on nhit cia ham s6 f trén tap D.
Min f(x): Gid tri nho nhat cia ham sé f trén tap D.
xeD

€: Thuoc.

c,c:Tap con.

@: Tap hop rong.

Y : Moi.

#: Khac.

\: Hi€u cua hai tap hop.
U : Hop cua hai tap hop.
M :Giao cua hai tap hop.

() Phép 14y hop tir 1 dén .
1

N :Phép lay giao tir 1 dén n.

1

v : Hoac (tuyén ctia hai ménh dé).

=: Phép kéo theo, phuong trinh hé qua.

<: Phép tuong duong (khi va chi khi), phuong trinh twong duong.

Ppcm: Két thiic chirng minh, diéu phai chirg minh.
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CHUONG L HAM SO
§1. KHAI NIEM HAM SO
1. Dinh nghia

Gia str X va Y Ia hai tdp hop tiy y. Néu c6 mot quy tic f cho tuwong ing mdi xe X

vo1 mOt va chi mot ye Y thitanéirang f la mét hamtar X vao Y, ki hi¢u

f:X->Y

x> y=f(x)

Néu X,Y 1acéc tap hop sb thi f dwoc goi 1a mot ham sé. Trong chuong nay chiing ta chi xét
céc ham so thuc cua cdc bién so thuc, nghiala X c R ;Y c R.
X duogc goi 1a tdp xdc dinh (hay 1 mién xdc dinh) ctia ham s6 f. (Nguoi ta hay dung ki hiéu
tap xdc dinh ciia ham s6 1a D).
Sb thuc xe X duoc goi Ia bién sé doc 1ap (goi tat Ia bién sb hay ddi sd). S thuc
y=f(x)e Y dugc goi 1 gid tri cia ham s6 f tai diém x. Tap hop tat ca cdc gid tri f(x) khi
x lay moi so thyc thudc tap hop X goi la tap gid tri (mien gid tri) chia ham s6 f va dugc ki
hiéula T,,(nhu vay T, ={f(x)lxe X} = f(X)).

Hién nhién T,cY.Chay rang T, ¢ thé 1a mot tap hop con thyc sy ciia ¥ hodc bang
tap Y.

Trong nhiéu trudng hop, ngudi ta cho ham sd f dudi dang x> f(x) hodc y = f(x)
ma khong néu rd tap xac dinh X va tdp hop Y chura tap cac gid tri cua f. Khi d6, ta hi€u rang
Y =R va X latap hop cic sé thyuc xR sao cho quy tic dd cho thi f(x) ton tai.

Vi du 1. Cho ham sO y= f(x)=x"+1. Theo cich hiéu trén thi Y =R; tap xac dinh cia f la
D=R, tdpcic gidtricia f 1a T, :{x2 +1lxe ]R} = [1;+).

Vi du 2. Cho ham s§ f (x) -1 Kai do, tap xdc dinh D =R\ {0}, tap gid tri 1a T, = R\{0}.
X

Vi du 3. Cho ham sé £ (x) = v1=a’.
Tap xac dinh D = [—1;1], T, 5 [0;1].

Vi du 4. Tim tap gia tri ciia cde ham so

2
x —x+1
avy=f(x)=——;
Y f( ) X +x+1
sin x+2cosx+1
b.y=f(x)==— .
sinx+cosx+2
Gidi.
X —x+1 ;
a.y=————. Hams0 ¢6 tap xdc dinh D=R.
x +x+1
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Gia st y,eT,. Khidé y, :%(1) 6 nghiém ddi voi x.
(1)<:>yo(x2+x+1)=x2—x+1<:>(yo—l)x2+(y0+1)x+y0—1=0 (2)
Xét y,—1=0=y,=1; (2)e2x=0< x=0.

Vay leT,.

Xét y,—1#0 < y, #1. Khi do, (2) c6 nghiém khi va chi khi

(y,+1)" =4(y,-1)° 20<:>—3y§+10y0—320<:>lé ¥, <3.
3

Viy T, =[3:3].

b. Tap xéc dinh ctia ham sb dd cho 1a D = R. Ciing twong tu nhu cu a. Yy, thudc tap gid tri
S C o sinx+2cos x+1 . A g At e
cta ham so da cho khi va chi khi y, =— (1) 6 nghiém doi voi x
sinx+cosx+2

(1) y, (sinx+cosx+2)=sinx+2cosx+1& (y,—1)sinx+(y, —2)cosx=1-2y,.
(1) ¢6 nghi¢ém khi va chi khi
(vo=1)"+(3,-2)" 2(1-2y,)" @ ¥ +y,-2<0 & -2< y, <1,

Vay T, = [—2;1].

z N A .z s 9 N A 2
Vidu 5. Tim tap gid tri cia ham s6 y = f(x) =cos 1 x2 .
X

Tap xdc dinh ciia ham s6 Ia D =RR.

2 ‘ £ . o ax 1l A
bat = 1—xz, xem ¢ 1a ham s0 cua bién x, 4p dung phuong phap da trinh bay ¢ vi du 4.a. ta
+Xx

‘e N Y R N J4 2x A in L a-
dugc voi xe R thi re€[-1;1]. Mién gid tri cia ham s0 y = f(x) = cos 1 trén tap xac dinh
+

2
X

D =R ciing chinh 1a mién gia tri cia ham s6 y = cost véi re[-1;1]. Tir d6 ham s6

y=f(x)=cos 1ix2 c6 tap gid tri 1a doan [cos1;1].
x

2. P thi ciia ham s6

Cho ham s§ y = f(x) c6 tap xdc dinh D, ta goi tap hop cdc diém (x; £ (x)) véi Vxe D
12 d@6 thi cia ham s§ y = f (x).

Viéc biéu dién céc diém (x; f (x)) thudc d6 thi ciia ham s6 y = £ (x) 1én mit phang toa
dd Oxy goi la vé& do6 thi cia ham so.

Chd ¥ ring mot duong (§) (duong cong hodc dudng thing) trong mit phing toa do chi

c6 thé 1a d6 thi ciia mot ham sé ndo d6, néu né cit mot duong thing ciing phuong véi truc Oy
tai khong qua tai mot dieém.
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3. Ham s6 don diéu
3.1. Pinh nghia. Cho ham s§ y = f(x) c6 tap xdc dinh I tap D, khoang (a;b) 1a tip con cua
D. Khi dé6 ta c6
Hams6 y = f(x) goi la dong bién (hay tang) trén khoang (a;b), néu véi
Vx,x, € (a;b), x,<x,= f(x)< f(x,).
Ham s6 y = f(x) goi la nghich bién (hay gidm) trén khoang (a;b), néu véi
Vx,x, € (a;b), x,<x, = f(x)> f(x,).
Mot ham s6 dong bién hodc nghich bién trén khoang (@;b) thi ta néi ham s6 don diéu
trén khoang doé.
3.2. Mt s6 vi du

Vidu 1. Ham s6 y=x° déng bién trén toan bd tap xac dinh R.

Vi du 2. Ham s6 y =211

nghich bién trén ting khoang x4c dinh (—0052); (254+00).

Dua vao dinh nghia 3.1, dé dang chimg minh dwoc cdc tinh chdt sau
3.3. Tinh chét

3.3.1. Néu ham s6 y = f(x) dong bién (nghich bién) trén khoang (a;b), thi ham s6
y=f(x)+c (clahing sb) ciing ddng bién (nghich bién) trén khoang (a;b).

3.3.2. Néu ham s6 y = f(x) dong bién (nghich bién) trén khoang (a;b), thi ham s6
y =kf (x) dong bién (nghich bién) trén khoang (a;b) néu k >0; ham sd y = kf (x) nghich
bién (d6ng bién) trén khoang (a;b) néu k <0.

3.3.3. Néuhamsé y= f(x) va y= g(x) dong bién (nghich bién) trén khoang (a;b) thi
ham s6 y = f(x)+g(x) dong bién (nghich bién) trén khoang (a;b).

3.3.4.Néuham s6 y= f(x) va y = g(x) khong am trén khoang (a;b) va cling dong bién
(nghich bién) trén khodng (a;b), thi ham sé y = f(x).g(x) ddng bién (nghich bién) trén
khoang (a;b).
Chii y. D thi cia ham,s6 dong bién hodc nghich bién trén khoang (a;b) cat dudng thang cling
phuong véi truc Ox nhiéu nhat tai mét diém.

Gia st ham s6 y = f(x) dong bién trén khoang (a;b); ham sé y = g (x) nghich bién
trén khoang (a;b). Khi d6 trén khodng (a;b), d6 thi clia cdc hamsé y = f(x) va y=g(x)
cat nhau khong qua tai mot diém.

Ap dung. Tim x thoa min 52 =3—x.
Dé y rang ham s6 y = f(x)=5"" la ham s6 dong bién trén R, cdon hamsd y= g (x)=3—x
nghich bién trén R.
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D@ thiy x = 2 théa min phuong trinh da cho. Vdy, x =2 1a nghiém duy nhét ciia phuong
trinh.

4. Ham s6 chin, ham s6 1é
4.1. Pinh nghia. Cho ham s§ y = f (x) c6 tap xdc dinh trén D.
Ham s6 f goi1a ham s6 chan néu véi moi xe D, tacé —xe D va f(—x)=f(x).
Ham s6 f goi1a ham s6 Ié néu véi moi xe D, tacé —xe D va f(—x)=—f(x).
4.2. Mt s6 vi du
Vi dy 1. Xét tinh chin, 1¢ ciia ham sé y= f (x)=+x+1-v1—x.

Tap xdc dinh ctia ham s6 1a [~1;1] nén d€ thiy

Vx,xe[-Ll1=—xe [-L1] va f(-x) =v1-x —l+x =—(VI+x=1-x)==f (x).
Vay f lahamsb lé.

5 . *+1
Vi du 2. Xét tinh chiin, 1¢ ciia ham s§ y = f (x) == =,
X+

Tép xdc dinh D =R\{-1}.

Tacé 1€ D nhung —1¢ D, nén ham s6 da cho khong phai 12 ham sé chin ciing nhu ham sb
lé.

Vi du 3. Xét tinh chin, 1¢ ciia ham s y=f(x)=\/x2+x+1+\/x2—x+1.
Tap xac dinh D =R, nén Vxe D= —xe D.

Tacod

vre D, f(=x)=y(=x) +(=x) +1+4(=x)’ =(=x) +1 =V —x+1 4+ +x+1 = £ (x). Viy
ham sb da cho 12 ham sb chin.

Vi du 4. Xét tinh chin, 1é cia ham s6 y = f(x)=x"—4x.
Tap xac dinh D=R, dod6 xe D thi —xe D.
Nhung f(1)=-3; f(=1)=5, nén f(1)=xf(-1).
Vay, f khong phai ham s6 chin ciing nhu ham s6 1é.
4.3. D6 thi ciia ham s6 chin va ham s 1é

Gia st ham s6 y = f(x) c6 tap xdc dinh D 12 ham sb chan va c6 db thi la (G). V&i mi

diém M (x,;,) thudc do thi (G), ta xét diém ddi xtng v6i né qua truc tung Ia M '(=x,: y, ).
Tt dinh nghia ham s6 chin, ta c6 —x,€ D va f(-x,)= f(x,). Do d6
MeGey,=f(x)eyv=(-x)eMe(G).

Diéu d6 chimg t6 (G) ¢6 truc d6i xtng 1a truc tung.
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Néu f 1a ham s6 1é thi If luan tuong tu, ta ciing duoc (G) c6 tam déi xting 1a gbc toa do O.
5. Ham s6 tuin hoan

5.1. Pinh nghia. Himsb y= f (x) c6 tap xac dinh D duoc goi 1a ham s0 tuan hoan néu
ton tai mot sb duong 7' sao cho voi moi xe D ta cé
Dx+TeD vax-TeD;
i) f (xxT)=f(x).
S nhé nhét (néu c0) trong céc s6 T ¢6 céc tinh chét trén goi 1a chu ky cia ham sO tuan hoan
f(x).
5.2. Mt s6 vi du
Vi du 1. Cic ham s6 lwong gidc y=cosx; y=sinx 1a cic ham sb tudn hoan c6 chu ky
T =2m.
Cac ham sb luong gidc y=tanx; y=cotx la cdc ham sb tuan hoan c6 chuky 7 =m.
Vi du 2. Chimg minh cdc ham sb sau day khong phai 1a ham sb tuan hoan
y=f(x)=x4+2x3;
y=g(x)=+2x-3;

3
X

y (x) 24

Giai.
x=0

+ Xét f(x):0<:>x4+2x3:0<:{ .
xX=-

Néu ham s§ y = f(x) = x* +2x° 12 ham s tudn hoan thi ton tai sé 7 >0 sao cho
f(0+T)=f(0)=0, suy ra T >0-langhiém ctia f(x), vd ly. Vay, ham sé f(x) khong phai
12 ham s6 tuan hoan.
+Ham s y = g(x) =+2x—3 ciing khong phai 1a ham s6 tun hoan, 1ap luan giéng nhu dbi
v6iham sé £ (x).

3

X
2
X

+Ham s6 y=h(x)=

; €0tp xdc dinh D=R \{~2;2}. Gia str ham s A(x) 1a ham s6

tuan hoan thi ton tai s thue dwong T sao cho v6i Vxe D= x+Te D. Do D=R \{-2;2},
nén 2+7 thuoc D suyra 2=(2+4+T)-T e D,vd ly. Vay ham s6 h(x) khong phai la ham 50
tuan hoan.

Chii y. Chiing ta c6 mdt s6 ddu hiéu dé nhan biét mot ham s da cho khong phai 1a mot ham sd
tuan hoan, chiang han ta c¢6 hai dau hi¢u sau.

+ Néu mot ham s6 ¢6 tap xdc dinh dang D =R\ A, v6i A la mot tap hop hitu han thi ham s6
d6 khong phai 12 mot ham sb tuan hoan.

+ Néu phuong trinh f (x) =k c6 nghiém, nhung s6 nghiém 12 mot s6 hitu han, thi ham sb

10
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y = f(x) khong phai Ia mot ham s6 tudn hoan.
Vi du 3. Cho ham s
0 , x= g+ km, ke 7,

1

. x#likm ke
2+tan” x 2

Chirng minh rang ham s6 y =g (x)= f (x)+ f (ax) 12 ham s6 tun hoan, khi va chi khi a 1a
mot sO hitu ti.
Gidi.
Dé dang chirng minh dwgc f(x) 1a ham s6 tudn hoan.
Diéu kién dii. Néu a 1 s6 hitu ti thi a=2 véi p,qe Z,q>0.Khi d6 c6 s6 duong T = gn
théa :

g(x+qm)=f(x+gn)+ f(ax+aqn)= f (x)+ f (ax+ pn)= f(x)+ f (ax) = g (x).

Chiing minh tuong tu ta cling dugc g (x—gn)= g (x). Ching t6 ham s6 g (x) la ham s6 tuan

hoan.
Diéu kién can. Gia st a 1a s vo ti. Ta thdy g(0)= f(0)+ f(O):%+%:1. Néu ton tai
x, #0 sao cho g(x,)=1 thi f(x,)+ f(ax,) =1, nhung OSf(x)S% véi moi x, nén suy ra

f(xo):f(axo):%. Do d6 tanx, =0 va tan(ax,)=0.

Vivdy x, =mn va ax, =nm vO1 m,ne Z.

. ax, nm _n . i .
Do x, #0 nén a=—2=——=— la s0 hitu ti.
X, mm o m

Diéu nay mau thuan voi a 1a s6 vo ti.
Suy ra phuong trinh g (x)=1 chi c6 mot nghiém duy nhat x=0, nén g(x) khong phai Ia ham
sO tuan hoan. Vay, néu g(x) 1a ham so6 tuan hoan thi a phai la s6 vo ti.
6. Ham s6 hop

6.1. Pinh nghia. Cho ham s6 y = f(x) xdc dinh trén tap D, va y = g(x) xdc dinh trén D, .
Khi dé6 ta goi ham so hop cia haiham s6 f va g ki hi¢u geo f dugc xdc dinh
y=(gof)(x)=g[ f(x)] xdc dinh trén tap D={xe D,| f (x)e D,}.

6.2. Vidu

Cho cdc ham s6 y= f(x)=Igx; y:g(x):x_”'i.

Xéc dinh cdc ham sé hop fog va go f.
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Gidi. Tacé (gof)(x):g[f(x)]:g[lgx]:Ef:.

Ham sb nay xdc dinh trén tap (0;+o0)\{10}.

(fog)(x)=f[g(x)]=f[i—jl}lg@_jl)

1 1
Ham sb nay xdc dinh trén tap (—o0;—1) U (1;+00).
Vidunéychothéy gof#fog.
7. Ham sé nguge
7.1. Pinh nghia. Cho ham s6
f: X->Y
x> y=f(x)

néu voi mdi gid tri ye T, = f(X),c6 mot va chi mot-xe X sao cho f(x)=y, tic la phuong

trinh f(x)=y v&ian x c6 nghiém duy nhét, thi bang eich cho tuong tmg véi méi ye f(X)

phﬁn tor duy nhét xe X, ta xdc dinh dugc ham sb
g f(X)>X
y B x=g(y)
(xthéaman f(x)=y).
Ham sd g xac dinh nhu vay duoc goi 1a ham 56 nguwoc cua ham $6 f.
Theo thong 18, nguoi ta thuong ki hiéu d6is6 12 x va ham sé a y. Khi d6 ham sb nguoc ciia
ham s6 y = f (x) s& duoc viét lai la-y = g (x).

Gia st ham s6 y = f(x) c6 ham s nguoc, dé tim ham s6 ngugc cua ham sé y = f (x) ta
gidi phuong trinh f (x)=y 4n x, phuong trinh nay c6 nghiém duy nhat x= g (), doi ki
higu theo céch viét thong thudng ta dugc ham s6 nguge y = g (x).

Chii y. Ngudi ta thuong ki hiéu ham s6 ngugc cia hamsé y= f(x) la y=f'(x).
7.2. Vidu

Cho ham s6 y = x* — 2% trén tap xdc dinh [1;+0). Tim ham s ngugec.

Gidi.

Trén tap xdc dinh [l;%e0) phuong trinh x> —2x =y c6 nghiém duy nhat x=1+ \/m .
Vay ham sd nguoc can tim 1a y =1+ J1+x.

Chii y.
Ttr dinh nghia ctia ham s6 nguoc, suy ra rang: Tap xdc dinh ctia ham sé nguge y= f (x)

12 tap gid tri cia ham s6 y = f (x), tap gid tri cua ham sb nguoc 1 tap xdc dinh cta ham sb
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y=f(x).
Di nhién ham s y = f(x) lai 12 ham s nguoc ctia ham s6 y = f~'(x). Vi vy ta néi hai
ham s6 y= f(x) va y=f'(x) 1a hai ham s nguoc nhau.
7.3. Piéu kién di dé ham sé c6 ham sé nguge

7.3.1. Pinh ly. Moi ham $6 déng bién (hay nghich bién) trén tap xdc dinh cua né déu c6
ham s nguoc.

Chirng minh. Gia st ham sé y = f (x) ddng bién trén tap xdc dinh D, v6i mdi ye f(D) c6
it nhit xe D sao cho f(x)=y. Ta chiing minh rang x 1a duy nhat. That vdy, gid str con c6
x' (x'#x,x<x' chang han) sao cho y = f(x'), thé thi x<x' s& kéo theo f(x)< f(x') vi
ham sb dong bién, do d6 f(x)# f(x'); diéu nay mau thudn véi f(x)=y= f(x'). Vay theo
dinh nghia, ham s6 y = f(x) c6 ham sb nguoc.
Chirng minh tuong tu trong truong hgp ham sé nghich bién.
7.4. Do thi ciia ham sé ngwoc

7.4.1. Dinh ly. Trong hé truc toa do bé Céc vuong géc Oxy, dd thi ctia hai ham s6 nguoc
nhau y= f(x) va y=f"'(x) dbi xttrng nhau qua dudng phén gidc thir nhit y = x.
Chirng minh. Gia stt ham s6 y = f (x) c6 tap xdc dinh 12 D va tap gid tri 1a T, = f(D), khi

d6 ham s6 nguoc c6 tap xdc dinh 1a f (D) vatap gid trila D.
Goi M (a;b) 1a mot diém trén d6 thi ham s6 y = f(x) tacé ae D, b= f (a)e f(D).

Theo dinh nghia ctia ham sb ngugc, néu x=5b thi f'(b)=a, nén N(b;a) thudc do thi cla
ham s6 nguoc y= f~'(x). Hai diém M va N 1a d6i xtrmg v6i nhau qua dudng phan gidc tha
nhit y=x. Nhu vdy mdi diém thudc db thi ctia ham s6 y = f(x) déu déi xtng v6i mot diém

thudc d6 thi ham sé y= f'(x) qua dudng phan gidc thir nhat.

Nguoc lai, ta ciing thdy rang véi mdi diém thugc d6 thi cia ham s6 nguge y = f' (x) déu
d6i xtrmg v6i mot diém thuge d6 thi ciia ham sé y = f(x) qua dudng phan gidc thir nht.
Vay, db thi ciia hai ham sé ngugc nhau d6i xtrng voi nhau qua dudng phin gidc thir nht.

Chii y. T tinh chat cta dd thi ham sb nguoc ta suy ra rang do thi ctia hai ham sé ngugc nhau,
néu cat nhau thi cat nhau trén duong thang y = x. Tur d6 ta ¢6 thé 4p dung dé giai cdc phuong

trinh dang f (x)=f'(x) bang cdch dua vé phuong trinh f(x)=x hodc f'(x)=x. Chdng

han ta xét vi du sau.

Vi du. Giai phwong trinh x’ +(3—a2)a =3.33x+ (a2 —3)a voi ae (-2;2).

x3+(3—a2)a

Gidi. Him s6 y = luén dong bién trén R nén cé ham so nguoc 1a
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_ 2 N A Ao PP _x3+(3_a2)a .
y=3 3x+(a —3)a. Hoanh d¢ giao di€m cua hai do thi y—f va

x3+(3—a2)a

y=3[3x+(a’~3)a chinhla hoanh d9 giao diém ciia hai o thi y=x va y= —

Do d6 phuong trinh da cho tuong duong véi
x3+(3—a2)a
3
ox-ad-3(x-a)=0 ()c—a)()cz+ax+a2 —3) =0

=x<:>x3—3x+(3—a2)a =0

X=a

& —a+J12-342 (do ae(-2;2) nén 12-3a>>0).
2

X =

) ) . x’ +(3—a2)a >
(Dinhién hai hams6 y=———"— va y=3[3x+ (a —3) a khong trung nhau)

3
Bang phirong phdp nhir trén chiing ta cé thé gidi dioc phirong trinh

C+1=232x=1. (1)

3

Lz +1
That vay phuong trinh (1) ¢6 thé viét dugc dudi dang > = P2x—-1

3

1 4 . A N A N A
¢6 ham so nguoc 1.y =</2x—1 (hai ham s6 nay khong triing nhau), nén

X +1 —1%+5

= x, tu do6 ta dugc nghiém x=1; x= S

N A X
Hams6 y=

phuong trinh (1) tuong duong véi

Chii y. Giai phuwong trinh (1) ¢6 thé dat y=-</2x—1 suyra y*+1=2x. Khi d6, phuong trinh

o [ +1=2y
(1) dugc viét thanh hé phuong trinh

3

y +1=2x
DPay la hé phiong trinh doi ximg ta sé nghién ciru & phan sau.

8. Cac ham sb so cip co'bin
Ta goi cdc ham sé sau ddy la ham s6 so cdp co ban

8.1. Ham hing: y=a,ac R
Ham hing y=a c6 tap xéc dinh D =R, tap gid trj T, ={a}.

8.2. Ham sb liy thira: y= f(x)=x* ae R
Tap xdc dinh ctia ham s6 iy thira y = x* thy thudc vao o, cu thé ta c6:
+ Néu a nguyén duong thi D =R.

+ Néu o nguyén 4m hodc a=0 thi D=R",
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+ Néu o khong nguyén thi D =R".
Mién gid trj cia ham sb lily thira cling tity thudc vao o, ching han:
co=2, tacd y= f(x)=x"T, =[0;+00).
_ Ly — B S
-a=3,taco y=f(x)=x3T, =R.

1
. oc:%,tacé y=f(x)=x*T, =[0;+c0).

Co= —%, tacé y=f(x)= x_%;Tf =RR".

Chii y. Véimoi ace R, dd thi ctia ham s6 liy thira y = x* di qua diém (1;1).

8.3. Him s mii: y= f(x)=a*,a>0,a#1

Ham s6 mii y=a" c6tap xac dinh D =R. Mién gid tri cua ham s6 mil 12 T, = (0;+o0).
+ Néu a>1, thi ham s6 mii dong bién trén tap xdc dinh.

+Néu 0<a<1, thi ham sb mii nghich bién trén tap xdc dinh.

Chii ¥. Db thi ciia ham sb mi di qua diém (0;1). Do thi ctia ham s6 mii nhu sau.

+ Do thiciahamsd y=a",a>1

Y
a
/

+ D4 thicia hamsd y=a*,0<a<1

0O<a<1 y
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8.4. Ham sb logarit: y= f(x)=log, x,a>0,a#1

Ham sb logarit y = log, x c6 tap xdc dinh D = (0;+oo).

Mién gié tri cia ham so logarit 1a T, = R.

+ Néu a >1, thi ham s logarit dong bién trén tap xéc dinh.

+ Néu 0<a <1, thi ham s6 logarit nghich bién trén tap xdc dinh.
Chii y. D6 thi ciia ham s logarit di qua diém (1;0).

Hamsb y = log, x va ham s6 y=a* 1 hai ham s6 nguoc nhau.
D6 thi cia ham s logarit nhu sau.

+ y=log, 6 x,a>1

+ y=log, x,0<a<l

O<ax<l

8.5. Ham so lwgng gidc
8.5.1. Ham s0 y =sinx va ham so y =cosx
Cac ham s0 y =sinx va y=cosx deéu cé tap xdc dinh D =R,

va mién gid tri 1a doan [-1;1].Cac ham s0 y =sinx va y =cosx d€u la ham s6 tuan hoan voi
chuky T =2m.
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Ham sé y =sin x [ ham s 1¢, ddng bién trén mdi khoang (—g+ k2n;g +k2m),k € Z; nghich
4 ~ X. , T 3n
bién trén moi khoang (5 + kZTc;? +k2m),ke Z.

Ham s6 y =cosx 1a ham s chén, ddng bién trén mdi khoang (—m+ k2m;k2mw), k € Z; nghich
bién trén mdi khoang (k2m;mt+k2m),k € Z.

Do thi cia cac ham s y =sinx va y =cosx nhu sau.

8.5.2. Him sé y=tanx;y=cotx

. Ham s6 y =tan x

Ham s y = tan x 6 tap xéc dinh D :R\{gﬂm/ke Z}.

Mién gid tri 1a R.

Ham sb y=tanx ludn ludn déng bién trén mdi khoang (—g + kn;g+ kn), ke Z.

Ham s6 y =tan x la ham s6 1é, va 1a ham s0 tuan hoan véichu ky 7 =7

Do thi cia ham s6 y =tan x nhu sau.

[SRE]
wla

- Hamsd y =cot x

Ham s6 y =cotx c6 tap xdc dinh D=R\{kn/ke Z}.

Mién gid tri 1a R.

Ham sb y =cot x ludn ludn nghich bién trén mdi khoang (km;,mt+kT),k € Z.
Ham sé y =cot x 12 ham sb 1¢, va 1a ham sb tuan hoan v6i chu ky T =T.

Do thi cia ham s6 y =cotx nhu sau.
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-

(SAE]

8.6. Ham sb lwong gidc nguoe

8.6.1. Ham s6 y = arcsinx

k]

=1

Ham s6 y =arcsinx l1a ham s0 ngugc cua ham s0 y =sin x trén doan [—

(SR

la o

1.

Ham sd y=arcsinx c6 tap xdc dinh 1a D =[-1;1]. Mién gid tri la [—g;

Ham s6 y =arcsin x tang trén tap xdc dinh. Ham s0 y = arcsin x 1a ham so 1¢.

Do thi cia ham s6 y = arcsinx nhu sau.

vla o
T
I
I
|

8.6.2. Hhm s y = arccosx
Ham sd y=arccosx 1a ham $6 nguoc cua ham $6 y =cos xtrén doan [0; t].
Ham sd y=arccosx cé tap xdc dinh 1a D =[-1;1]. Mién gid tri la [0;7t].
Ham sb y=arccosx giamtrén tap xac dinh.

Do thi cia ham s6 y = arccos x nhu sau.

8.6.3. Ham s6 y = arctan x
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N £ x Toa £ R A A . T T
Ham s6 y =arctan x 1a ham s0 nguoc ciia ham s y =tan x trén khoang (—E;E).

£ . A c 1 T T
Ham s6 y =arctanx c6 tap xac dinh 1a D =R. Mién gid tri la (—E;E).

Ham s0 y = arctan x ludn ludn tang trén tip xdc dinh.
Ham s6 y =arctan x1a ham so 1€.

Do thi cia ham s6 y = arc tan x nhu sau.

8.6.4. Ham s y = arccot x
Ham s§ y = arccot x 12 ham s nguoc cia ham s& y = cot x trén khoang (0; ).
Ham sb y =arccot x ¢6 tap xdc dinh 1a D =R. Mién gid tri [a (0;T).
Ham s6 y = arccotx ludn ludn giam trén tap xdc dinh.
Ham sb y =arccot x 12 ham s 1¢.
D) thi ctia ham sd y = arccot x nhu sau.

N
it
2
o

X

Ta goi ham 6 so ccfp 12 ham s6 cho bai mot cong thic duy nhét y=f(x) vo1 f(x) la
téng, hi€u, tich, thuwong hodc 1a ham hop cua mdt sd hitu han cac ham $6 so cép co ban.

§2. MOT SO PHEP BIEN POI PO THI
1. Truc déi ximg, tAm ddi ximg cia dd thi

Chiing ta da biét dd thi ham s& chin nhan truc Oy lam truc dbi xurng, dd thi ham sb 18
nhan gbc toa d6 O lam tdm ddi xtng. Sau ddy ching ta dua ra ddu hiéu cho biét d thi cua
mot ham s6 ¢6 truc dbi ximg, tim ddi ximg. (Trong phan nay chiing ta chi xét truc ddi xing
ctia @6 thi ham sd, cling phuong véi truc tung).

1.1. Pinh Iy. D6 thj ctia ham s6 y = f(x) nhan duong thing A c6 phuong trinh x = o lam
truc d6i xtng khi va chi khi f(200—x)= f(x) v&i moi xe D.
That vay, mudn cho duong thing A c6 phwong trinh x=0a 1a truc d6i xing cta do thi
y=f(x) thi it c6 va du la néu diém M (x;y) thudc do thi thi diém M ' dbi xting vé6i diém

M qua A ciing thudc dd thi. O day diém M ' ¢6 toa do (ZOC—x; y) , nhu vay véi moi xe D
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tacé f(200—x)=f(x).

Vi du. D6 thj ham s6 y = ax’ +bx+c(a#0) nhan dudng thing x = —2£ lam truc ddi xtmg
a

vitaco f(x)=ax’ +bx+c= a(—x—gjz +b(—x—§j+c, v6i moi xe R.

1.2. Pinh Iy. D6 thi ham s6 y = f(x) nhan diém 7(o;B) lam tam d6i xtng khi va chi khi
f(20—x)=2p— f(x),Vxe D.

That vay, mudn cho diém 7 (o;B) 1a tm dbi xting ctia db thi, at c6 va di 1a néu diém
M (x;y) thudc d6 thi thi diém M ' déi xting véi né qua I ; tiic'1a diém c6 toa do
M '(206 -x;2B— y) cling thudc dd thi, tirc 12 véi moi x € D, ta phai c6
28— f(x)=f (200 =x).

Chii y. Trong dinh 1y 1.1 cho o =0 va trong dinh 1y 1.2 cho a.=B =0, ta duoc két qua
+ D0 thi ctia ham sb chin nhan truc tung lam truc dbi xung.
+ D4 thi ham sb 1¢ nhan gdc toa d6 lam tAm dbixing.
Trong thyc té mudn chirng minh d6 thi ham s6 y = f (x) nhan dudng thang x = x, lam tryc
doi xtrng thi ta c6 thé 1am nhu sau:
- D& h¢ truc toa dd Oxy vé hé truc IXY, véi I(x,;0) theo cong thirc {; i;( + X,

- Lap ham s6 méi béng cach thay x=X+x,; y=Y vao ham s y=f(x);
- Chirng minh ham s6 méi ¥ = g (X)) 1a hams6 chén dé két luan x = x, Ia tryc déi xtng.

Tuong ty nhu trén, mudn ching minh 7(x,, y,) 12 tim d6i xtmg ciia d6 thi (C) ctia ham sé
x=X+x,

y=f(x), ta doi h¢ tryc toa dd Oxy sang h¢ truc IXY, bang phép dit { vy
y= Yo

Sau d6 chimg minh ham s6'méi ¥ = g (X ) 12 ham s 1é dé két luan diém 7 (x,;y,) 1a tim d6i
xing cua do thi.

Vi du 1. Chirng minh d6 thi cha-ham sd y = x* —4x* —2x* +12x—1 nhan dudng thing x =1
1am tryc ddi ximg. Tir d6 tim giao diém ctia @6 thi ham s6 vdi truc hoanh.

x=X+1

Gidgi. Dt
y=Y

Ham s6 da cho tro thanh
Y =(X+1)" =4(X +1)" =2(X +1)" +12(X +1)-1
©Y=X"'-8X"+6.

Hams6 ¥ = X* —8X? +6 1a ham s6 chin. Vay duong thang x =1 1a truc d6i xing ciia dd thi
ham so0 da cho.
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