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O bac trung hoc co s6 va trung hoc pho thong, hoc sinh da gip cac he
phuong trinh tuyén tinh don gian (14 cdc hé phuong trinh bac nhat hai an
hoac ba én). Hoc sinh da c6 thé gidi hé phuong trinh bac nhat hai an hoic ba
an bang phuong phap ding cac phép bién déi tuong duong hé phuong trinh,
phuong phap khtt an, phuong phap thay thé hosic dimg may tinh bé tai dé
giai.

Hé phuong trinh tuyén tinh 1a hé phuong trinh ma céc an s6 can tim & bac
mot, day 1a bai toan thuong gip phai khi nghién citu cac ddi tuong c6 quan he
tuyén tinh. Ddi véi hé phi tuyén ngudi ta xap xi béi hé tuyén tinh. Vi vay he
phuong trinh tuyén tinh cé rat nhiéu tng dung trong thuc té: ching han céc
bai todn ki thuat, phan tich théng ké trong tam 1y hoc, xa hoi hoc va kinh té
hoc. ..

Qua Chuong 4, nguoi hoc sé biét cach gidi hé phuong trinh tuyén tinh bang
phuong phap dinh thic déi véi he Cramer, phuong phap khit Gauss c6 theé giai
dugc moi hé véi sé phuong trinh va sé an khong qua lén.

Thoat tién ta c6 thé thay rang hinh nhu van dé giai heé phuong trinh tuyén
tinh da cil i va c6 thé giai quyét bang nhitng phuong tién tinh toan so cap
quen biét. Tuy nhién dé giai cac bai toan thirc té néu ra & trén ta thuong phai
khéo sat khoang tir 150 dén 200 phuong trinh dong thoi. Tinh trang iy trong
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thuc hanh da gay ra nhiéu khé khan 16n dén néi hau nhu khong thé giai quyét
duge néu chi dung phuong phap so cap. V6i sit hd trg clia may tinh va céc
thuat toan mdi da khién cho hé phuong trinh tuyén tinh dudce tng dung hiéu
qua dé gidi quyét cac bai toan thuc té. Mua he nam 1949, Gido su Wassily
Leontief truong Dai hoc HarVard da gtii dén Trung tam tinh todn ctia truong
Dai hoc Mark II dé nghi giai hé phuong trinh tuyén tinh gom 500 phuong trinh
v6i 500 an biéu dién cac chi tiéu kinh té ctia M. Mark II 14 mot trong nhing
trung tam may tinh dién t 16n nhat thoi bay gio ciing khong gidi quyét dugc.
Leontief buoc phai riat gon bai toan vé hé 45 phuong trinh vé6i 45 an. V6i két
qua nay Leontief nhan dugc gidi Nobel kinh té nam 1973, ong duge xem la
ngudi md canh ctra vao ky nguyén mdi vé cadc mo hinh toan hoc veé kinh té.

Dé hoc t6t Chuong 4, sinh vien can phai stt dung thanh thao cong cu la
ma tran va dinh thiic 6 Chuong 3. Ta lai thay rang gidi cAc hé phuong trinh
tuyén tinh 1a cong cu dé giai quyét mot sé van dé ¢ Chuong 2 va Chuong 5
cua gido trinh nay.

4.1. Khai niém hé phuong trinh tuyén tinh

Trong chuong trinh hinh hoc giai tich & bac trung hoc pho thong ta da gap
cac bai toan lien quan dén hé phuong trinh khi tim giao clia cac duong thing
hodc mit phang.

Ching han, trong khong gian vé6i hé truc toa do Ozyz, tap hgp cac diem cé
toa do (z,y, z) thda man phuong trinh Az 4+ By + Cz = D 13 mot mat phang,
do dé phuong trinh c¢é vo s6 nghiem tuong tng véi vo s6 diém trén mat phang.
Tuong tu tap hop nghiém cia hé phuong trinh

{All’ + Bly + C’lz = D1 (4 1)

Agl‘ + Bgy + CQZ = _D2

1 giao ctia hai mat phang. Vi vay hé phuong trinh c6 thé vo nghiem hodc vo
s6 nghiem tuong tng véi hai mat phang song song hodic giao tuyén la duong
thing hodc hai mat phang triing nhau.

Tuong tu tap hop nghiém cia hé phuong trinh

A1$ + Bly + C’lz = D1
AQIE + Bgy + 022 = D2 (42)
Agl’ + Bgy + 0325 = D3
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la giao clia ba mat phang. Vi vay hé phuong trinh c¢6 thé vo nghiem hoiic duy
nhat nghiém ho#c vo s6 nghiem.

Khai niem hé phuong trinh tuyén tinh tong quat va phuong phap giai duge
xét trong cac muc sau.

4.1.1. Dang tong quat ctia hé phuong trinh tuyén tinh

Hé m phuong trinh tuyén tinh v6i n an s6 (1 < m,n € N) c¢6 dang tong
quat:

anry + aprs + -+ Q1pTy = bl

a1 + Q22T + « - - + ATy = by

(4.3)

Am1T1 + A2l + -+ - + QppTy = bm

Hodc viét tat
n

E aijxj:bi,z:l,Q,...,m.

=1
Trong do:

® T,y ..., T, lan an sb,

e a;; la he s6 clia an thit j trong phuong trinh tht i;a;; € R,

e b; 13 he s6 vé phai clia phuong trinh thi i;4 = 1,...,m;b; € R;

e Khi cac vé phai b; = 0 (i = 1,...,m) thi hé phuong trinh dugc goi la
thuan nhat.

Moi hé phuong trinh khi cho vé sau (vé phai) bang 0 ta c6 hé phuong trinh
thuan nhat tuong Gng

1171 + a1y + -+ + a1, =0

2171 + Q22T + -+ - + a2,T, = 0

(4.4)

Nghiém ciia hé phuong trinh 1a bo gom n s6 (ay, as, ..., q,) sao cho khi
thay z; = a;;i = 1,2,...,n vao cac phuong trinh ctia hé (4.3) hodc hé (4.4) ta
c6 cac dang thitc sé ding.
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Nghiém tong qudt ctia hé phuong trinh 1a nghiem khi hé phuong trinh c6
vo s6 nghiém, phu thudc vao mot vai tham s6 nhan gia tri tuy .

Nghiém riéng ctiia hé phuong trinh 1a nghiém gom n sd6 xac dinh
(9,a9,...,a%), nhan dugc sau khi cho cic tham sb tuy ¥ ciia nghiem tong
quat béi gia tri cu thé.

Hai hé phuong trinh cling an dugce goi 1 tuong duong néu tap hop nghiem
cia chiing bing nhau. Vi vay dé gidi mot hé phuong trinh ta cé thé giai hé
phuong trinh tuong duong cia no.

4.1.2. Dang ma tran ctia hé phuong trinh tuyén tinh

Véi he (4.3) ta xét cdc ma tran

ayj; a2 ... Qin Ty by

921 929 ... QAop i) bg
A= X = B =

Aml  Amo - - Qmn Tn b,

A, X, B lan luct dude goi 1a ma tran hé so, ma tran an s6 va ma tran vé
phdi (hodc ma tran tu do).
Khi d6 hé phuong trinh (4.3) duge viét lai dudi dang ma trgn nhu sau:

AX = B. (4.5)

4.1.3. Dang véc to ctia hé phuong trinh tuyén tinh

Néu ta ky hieu véc to v; = (ay, ..., ami) € R™ la véc to cot thit i clia ma
tran A, va véc to b = (by,...,by) € R™ la véc to vé phai, thi he (4.3) dugc
viét dudi dang vée to nhu sau

T+ ...+ x,0, =0 (4.6)

V6i cach viét nay ta thay rang he phuong trinh (4.6) c¢6 nghiém khi va chi
khi
b € Span{vy,...,v,}.
Vi du 4.1. Xét hé phuong trinh viét duéi dang tong quét:

21’1+2£L’2—.Z‘3+I4:4
4£L‘1+3I2—ZL’3+2ZL‘4:6
8$1—|—5ZL‘2—3[E3+4{L’4 =12.
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Heé phuong trinh trén viét dudi dang ma tran nhu sau:

x1

2 2 —1 1 4
X2

4 3 -1 2 =16
Z3

8 5 -3 4 12
Ty

Hosc
2 2 —1 1 4

4l 1+ |3 2o+ |—-1| 23+ |2|24= | 6

8 5 -3 4 12
Ta c¢6 dang véc to cua hé phuong trinh:

21(2,4,8) + 22(2,3,5) + 23(—1, —1, =3) + x4(1,2,4) = (4,6, 12).
Néu ky hieu
v = (2,4,8),v2 = (2,3,5),v3 = (—=1,—1,-3), vy = (1,2,4),b = (4,6, 12)
thi
T1V1 + ToVs + T3U3 + T4v4 = b.

4.2. Dinh ly ton tai nghiém

Dinh ly 4.1. (Kronecker - Capelli) Hé phuong trinh (4.3) ¢6 nghiém khi va
chi khi r(A) = r(A), trong d6 A la ma tran c6 duge bing cach bo sung thém
vao ma tran hé s6 A mot cot cudi 1a vé phai ctia hé phuong trinh.

A= P Co. (4.7)

Chitng minh. He (4.3) ¢6 nghiem khi va chi khi ton tai zy,xs,...,2, € R
sao cho
U1 + Tovg + - - + T, = .
Nghia la b € Span{vy,...,v,}.
Vay r(vi, ..., v,) = 7(v1, ..., v, b). Do do, 7(A) = r(A). O
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Vi du 4.2. Xét hé phuong trinh trong Vi du 4.1.
2 2 -1 1 2 -1 1
Matranhe sd A= |4 3 —1 2| ¢6[3 —1 2[|=2#0=r(A)=3.
8 5 =3 4 5 —3 4

2 2 -1 1 4
Ma tran bosung A= [4 3 —1 2 6| c63=1r(A) <r(A) <3.
8 5 =3 4 12

= r(A) = r(A) = 3, do d6 hé phuong trinh c6 nghiém.
Vi du 4.3. Xét hé phuong trinh

r—3y+4z=2
2r+y+z=4
—x —4y + 32 = 5.

1 -3 4 1 -3 4 2
TacoA=|2 1 1|;A={2 1 1 4
-1 —4 3 -1 —4 3 5
1 -3 4 1 -3 2
detA=1]2 1 1|=0=7rA4)<3;|2 1 =49 = r(A) = 3.
-1 —4 3 -1 —4 5

Theo dinh Iy Kronecker — Capelli thi hé phuong trinh trén vé nghiém.

Vi du sau day chi ra rang trong qua trinh bién déi dua hé phuong trinh vé
hé phuong trinh tuong duong bing cach bién déi theo hang clia ma tran bo
sung A ta sé tim duge diéu kién ton tai nghiem va dong thoi tit d6 ¢o thé giai

ra nghiém.

Vi du 4.4. Bién d6i ma tran bo sung ctia hé phuong trinh trong vi du 4.1

2 2 -1 1 4 2 2 -1 1 4
A=|4 3 -1 2 ¢| Dzl g 1 1 0 2
4]’L1—h3—)h3

8 5 =3 4 12 03 -1 0 4
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2 2 -1 1 4 2 2 -1 1 4
—3ha+hs—hs %hg-‘rhz—)hg
— |01 -1 0 2|—— |01 0 0 0
%h3—>h3
00 2 0 =2 00 1 0 -1

r(A) = r(A) = 3. Vay hé phuong trinh trong Vi du 4.1 ¢6 nghiém.

Vi du 4.5. Bién doi ma tran bd sung ciia hé phuong trinh trong Vi du 4.3

1 -3 4 2 1 -3 4 2 1 -3 4 2

A=|2 1 1 4|2 dg 7 70— 10 7 -7 0
—2h1+ho—ho

1 -4 35 0 -7 7 7 00 0 7

Do d6 r(A) = 2 < r(A) = 3. Vay hé phuong trinh trong Vi du 4.3 vo
nghiém.

4.3. Mot sé6 phuong phap giai hé phuong trinh tuyén
tinh

4.3.1. Phuong phap Cramer (con goi la phuong phap dinh thic)
Xét hé n phuong trinh tuyén tinh véi n an s6 dang ma tran (4.5): AX = B.

Dinh nghia 4.1. Hé n phuong trinh tuyén tinh n an, c6 ma tran he s6 A
khong suy bién (det A # 0) dugc goi 1a hé Cramer.

Dinh 1y 4.2. (Dinh Iy Cramer) Moi heé Cramer déu ton tai duy nhat nghiem.
Cong thic nghiéem duge xac dinh nhu sau:

det Az
v, =——,1=1,2,...,n. 4.8
det A (4.8)
Trong d6 A; 1a ma tran vuong cap n, c6 dudc bang cach thay cot thi 7 cia
ma tran hé s6 A béi cot hé sd vé phai B.

Ching minh.

Cach 1. Do det A # 0 nén hé {vq,...,v,} 1&a mot co sé cia R™. Do dé b
duge bicu dién duy nhat thanh t6 hgp tuyén tinh ctia {vy,...,v,}. Nghia I
ton tai duy nhat 1,...,x, sao cho z1v; + xov9 + - - + T, v, = b.
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Goi B = {ey,...,e,} 1a co sd chinh tic cia R™. Khi d6

n
D; = DB{Ula ce Vi, by v, 7Un} = Dg {Ula cey Ui, E TV, Vig1, - - -
k=1

n
= E .kaB {U17 ey Vi1, VE, Uy - - - ,'Un}
k=1

= wz‘DB{Uh <oy Uie1, Uiy U1, - - - ,Un} = x;D.

D; .
Do d6 x; = o= 1,...,n, trong d6, D; = det A;, D = det A.
Cach 2. Viét he phuong trinh ¢ dang ma tran AX = B,det A # 0.

Phuong trinh ma tran nay théa man cac diéu kién ctia ¥ ¢) He qua 6, theo

Cong thiic (3.32) hé c6 duy nhat nghiem la X = A7'B. Do d6

1
-t
det A4
hay
X1 A Asr oo A 7
by
S ik
Z; - detA 17 21 ni
by,
Ty Aln Agn . Ann -7
Béi vay
1 det A;
i = Gap A i+ Auba Ao Awbn) = 2 "
Trong d6 Ay 1 phan bu dai sd clia phan ti ai, k = 1,2,...,n trén cot

thi 7 cua A.
Vi du 4.6. Giai hé phuong trinh

2¢4+3y—2z =1
3r +5y+2z =38
r—2y—3z =-—1.

OJ
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2 3 -1
Giai. Co |A| =13 5 2| =22+ 0nén hé da cho la hé Cramer.
1 -2 -3
Ta co
1 3 -1 2 1 -1 2 3 1
[Ail=]8 5 2|=66|A4[=[3 8 2|=-22|A4=3 5 8=
-1 -2 -3 1 -1 -3 1 -2 -1

Do d6 hé c¢6 nghiem duy nhat
Ay | A | As|

r=—=3y=—=—1,2=-— =2
Al Al Al

hay nghiém ctia hé 1a (3, —1, 2).

Nhan xét 4.1. Phuong phap Cramer chi giai duge hé Cramer.

D6i v6i hé c6 s6 phuong trinh, sé an 16n thi viec thuce hien rat khé khan ké
ca khi st dung cac phan mém dé tinh.

Phuong phap Cramer c¢6 mot wu diém la v6i hé phuong trinh Cramer thi
viéc giai hé dua vé tinh cac dinh thiic ma cidc phan mém cé thé hd trg tinh
toan. Khi hé Cramer v6i s6 an khong qua lén thi phuong phap Cramer kha
hidu qua va c6 thé gidi bang may cam tay.

Vi du 4.7. Giai hé phuong trinh tuyén tinh truong hop tong quat, xét he 4.3.
Gia sit hé phuong trinh c6 nghiem va 7(A) = r(A) = p;p < min(m, n).
Giai. Khong gidm tong quét, gia sit p véc to hang phia trén ciia ma tran A

tao thanh hé doc lap tuyén tinh tdi dai ctia hé cac véc to hang cia A.
@11 ... QAip
Gidst| @ -. ' |#£0.Vivay he (4.3) tuong duong véi p phuong trinh
Qp1 ... Qpp
1121 + A2 + - - + A1pTp + -t apr, = bl
a21T1 + A92XLo + + -+ + A2pTp + -+ aonx, = bg

Ap1T1 + ApaTo + -+ 4 AppXp + - - + App Ty = bp.

44.
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(trudong hop khéc cach giai hoan toan tuong tu).
Hé phuong trinh trén duge viét lai

a1y + appTs + - - 4 a1pxp = by — (A1pr1Tp1 + -+ 1nTn)

211 + A99T9 + -+ + AopTp = bg — (angpo +---+ a2n$n>

(4.3")
ap1T1 + a2 + -+ ATy = by — (Appr1Tp1 + - + Apay)

Day la he Cramer c6 vé phai phu thudc vao céc an Tpit,- .., Ly VO MO
bo gia tri cu thé cac an & vé phai la w2+1,... 22 thi he (4.3") tré thanh
mot hé Cramer, ¢6 nghiem duy nhat (z},23,..., 25,20, ,,...,2)), trong d6
(7,23, ..., x5) duge tinh theo bo s6 (27,4,...,z;).

Cac an Tpyq,...,o, c6 thé nhan vo sd bo gia tri tuy ¥. Vay hé c6 vo s6
nghiém phu thudc vao cac an Tptls- oo T

Vi du 4.8. Giai va bién luan theo tham s6 A hé phuong trinh

AT+ 2o+ 23 +24 =1
T+ Ars+ 3+ 24 =1
Ti+To+Ar3+x4 =1
T1+ a9+ 23+ Ay = 1.

Giai.
A1 11
) 1 A1 1
Ma tran hé s6 A = (Xem Vi du 3.46 Chuong 3).
1 1 X1
1 1 1 X

Ta ¢ detA:()\—l—S)( 1)3.

Khi A # —3,\ # 1 : He da cho 1a hé Cramer nén c6 nghiém duy nhat.
Ngoai ra khi thay ddi vai tro ctia cac an trong hé thi hé khong thay doi, suy
ra nghiém théa man x; = xy = x3 = 24, do d6

1
T1 =Ty =3 =Xy = T—=.

A+3

. 1 1 1 1
Bd6i vay hé c6 nghiem d hat .
i vay hé c¢6 nghiém duy nha ()\+3,)\+3,>\+3>/\+3)
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Khi A =1:7(A) =r(A) = 1, phuong trinh da cho tuong duong véi phuong
trinh 21 + x5 + x5 + x4 = 1. Hé phuong trinh c6 vo s6 nghiém

131:1—.%‘2—1'3—(134
X9, X3, T4 nhan gia tri tuy y thuoc R.
Nghiém tong quét ctia hé c¢6 dang

(1 — X9 — T3 — Xy, ZE2,$3,[E4); To,T3,Ty € R.

Khi A = —-3:det A =0mnén r(A) <4 (theo Vi du 3.46 r(A) = 3) nhung
ma tran bo sung A c6 dinh thic con cap 4

X (1M 1
3 1 1 1

= 64 £ 0.
1 -3 1 1
1 1 -3 1

Do d6 r(A) = 4 va hé vo nghiém.
Két luan:
1 1 1
khi A 2 =3, A\ #1;
>\+3’>\+3’A+3’)\+3> IAZ =3 AZL
Hé ¢6 vo s6 nghiem dang (1 — x9 — 23 — x4, T, T3, 4) khi A = 1;
Hé v6 nghiém khi A = —3.

Hé c6 nghiem duy nhéat <

4.3.2. Phuong phap ma tran nghich dao

Dinh 1y 4.3. Hé Cramer AX = B, v6i cac ma tran tuong tng la

11 Q12 ... Qi by T1
A _ a9, A2 ... QAgn ’ B _ bg ’X _ T
Qp1 QAp2 ... Gpp bn Tn
c6 nghiem duy nhat
X=A"'B. (4.9)

Xem Cong thic (3.32) He qua 6. ¢).
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Vi du 4.9. Giai hé phuong trinh

T1+ 229+ 33 =a
2$1+5$2+3$3:b

1 + 8z3 =c.
Giai. Dang ma tran cta hé la

1 2 3| |xy a
2 5 3| x| = |]
1 0 8| [z3 c

1 2 3 —40 16 9
Matranhés6 A= [2 5 3| codetA=—-1#£0;A"1= |13 -5 —3
1 0 8 5 -2 -1

(xem Vi du 3.39). Do d6 hé da cho la hé Cramer c¢6 nghiém theo Cong thic
(4.9):

T —40 16 9 a —40a + 16b + 9c¢
zol = | 13 =5 =3| |b| = | 13a—5b— 3c
T3 5 =2 —-1]| |c Sa — 2b — ¢

x1 = —40a + 16b + 9c¢
Vay { x5 = 13a — 5b — 3¢ 12 nghiém duy nhat ctia he.

T3 =ba—2b—c¢

Vi du 4.10. Mot trung tam lam dich vu van chuyén hang héa. Cudc van
chuyén dudce tinh theo ba loai buu kién phu thudc kich ¢d: nhé, trung binh va
16n.

Mot 16 hang c¢6: 6 buu kién nhé, 8 buu kién trung binh va 9 buu kién 16n
c6 cude van chuyen la $173,20.

Mot 16 hang khac ¢6: 7 buu kién nhé, 13 buu kién trung binh va 17 buu
kién 16n véi tong cude phi la $291,05.

Mot buu kién 16n ¢6 cude phi cao gap doi so v6i mot buu kién nhé.

Tinh cude phi van chuyén 3 buu kién nhd, 9 buu kien vita va 2 buu kién
16n.
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Giai. Goi x, v, z 1an lugt 1a cude phi van chuyén buu kien loai nhé, trung binh,
l6n. T gia thiét trén suy ra x,y, z théa man hé phuong trinh:

6x + 8y + 9z = 173.20
Tr+ 13y + 172 = 291.05
2r — 2 = 0.

Ma tran hé sé ctia hé phuong trinh

6 8 9 ~13 8 19 x 173.20 4.8

1
A= |7 13 17 ;A‘lzﬁ 41 —24 =39 = |y| =A"|291.05| = |7.25
2 0 -1 —26 16 22 z 0 9.6

Do dé cuée phi van chuyén 3 buu kien nho, 9 buu kién vira va 2 buu kien
16n la: 3z + 9y + 2z = $98.85.

Ta ciing c6 thé tinh cuée phi van chuyén dudi dang tich ma tran nhu sau:

18
39 2| |7.25) = [os.85].
9.6

Nhan xét 4.2. Hai phuong phap trén chi dung duge déi véi hé Cramer.

4.3.3. Phuong phap khir Gauss

Xét he m phuong trinh n an, dang tong quét (4.3).

Phuong phap khit Gauss dyra trén nguyén tac sau.
a. Nguyén tic

Khit b6t an clia cac phuong trinh vi phuong trinh cang it an cang dé tim
nghiém.

Dua hé phuong trinh (4.3) vé he tuong duong A’X’ = B’ dé tim nghiem
hon.

Nén thuc hién khit cac an lan lugt theo thi tu sau:

Néu phuong trinh thit nhat c6 an z; (ay; # 0) ta sé khit 2, & cac phuong
trinh con lai (¢t phuong trinh thit hai dén phuong trinh cudi);

Néu ¢ phuong trinh thit hai c6 an 25 (ag # 0) ta sé& khit 25 & cic phuong
trinh con lai (tit phuong trinh thit ba dén phuong trinh cudi);
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Quaé trinh tiép tuc cudi ciing nhan duge hé phuong trinh tuong duong dang
don gian hon tur d6 suy ra nghiém.

Nhan xét 4.3. Ta c6 thé kiém tra duge rang: khi thire hien cac phép bién doi
tuong duong hé phuong trinh thiyc chat 1a thyc hién cac phép bién ddi tuyén
tinh lén cac hang ciia ma tran bd sung A cta he.

“Ddi chd hai phuong trinh" tuong duong véi “d6i chd hai hang ciia A”.

“Nhan ho#c chia mot s6 khac 0 vao ca hai vé ciia mot phuong trinh” tuong
duong véi “nhan hodc chia mot s6 khac 0 vio mot hang ciia A”.

“Cong vao mot phuong trinh mot t6 hgp tuyén tinh cac phuong trinh khac”
tuong duong véi “cong vho mot hang clia A mot td hop tuyén tinh céc hang
khac”.

Stt dung nghuyén tic trén ta c6 cac bude thiyc hanh tuong ting sau:
b. Thyc hanh: Ding bién déi Gauss lén ma tran bo sung A.

Gia stt a;; # 0. Ta khit 27 & cdc phuong trinh con lai (tit phuong trinh
tht hai dén phuong trinh cuéi) ma thuc chat 1a 1am cho cac hé s6 a;; = 0,1 =
2.3,...,n bing cach ding cac phép bién ddi trén ma tran A:

(_a11)H1+HZ—>HZ (222,3,,71)

a1

Tuong ty khit xy tic 1 lam cho céc he s6 aly = 0,4 = 3,...,n; trong do6
aly 13 he s tuong ing véi az sau khi bién doi.

Gia sit ab, # 0. Ta thyc hién tuong tu trén:

/
Q99

/
(_“ﬂ) Ho+Hi — H,. (i=3,...,n)

Qué trinh tiép tuc sau maot s6 bude.

Stt dung cac phép bién déi so cap trén cac hang clia ma tran bo sung A
(c6 thé doi chd cot ctia A, nhung can luu ¥ 1a khi déi cot 1a doi thit ty cia
an tuong tng. Vi vay néu khong chic chidn vé sy nham lan thit tu ciia an thi
khong nén bién ddi cot), dua A vé dang bac thang sau day
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ay ayyy b
— O A /4
— BPTDUN) p p (4.10)
00t
0 0 0 _¥
trong d6 ayy, ..., a,, # 0.

Néu mot trong céc bl,,,...,b, khac 0, nghia la r(A) < r(A) thi he vo
nghiém.

Néu b, =...=10b, =0th r(4) = r(A) = p, khi d6 he phuong trinh da

P . .
cho tuong duong véi hé p phuong trinh n an s6 (chi y 1a 1 < p < min(m,n)).

Truong hgp p = n thi hé ¢6 dang

!/ / / / /! A N

1l Y —
+ ATy + -+ + Ay, T, 9 o £0. (4.11)

/ !
+ annxn - bn>

Céac an x,...,7! 1a cAc an x4, ..., x, nhung c6 thé thay doi thit tu chi sb.
Ta giai he tim nghiém béng cach giai tit phuong trinh cubi tim 2/, r6i tiép tuc
thay lan lugt lén cac phuong trinh trén tim cac an con lai o/, _, 2! ,,..., ).
Heé phuong trinh c6 duy nhat nghiem.
Truong hgp p < n thi hé phuong trinh c6 dang:
G g e a e a0
/ / !/ / / / /
9Ty + -+ -+ as, T, + -+ -+ ay,x, = b
222 2p*p 2n'n 2 (412)
/ / / A N )
Ay, Ty, + -+ ap,x, =0
Cac an 2, ...,2) 1a cdc an a1, ..., T, nhung c6 thé thay doi thi tu chi s6. Ta
c6 thé tim cac an @}, ..., 2, (goi la cac an chinh) theo cac an @, ,, ..., a),. Cac

an Tpyiqs- -5 Ty, €01 1A céc an khong chinh hay con goi la an tity ¥ (tham bién
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tity ¥). Chuyén cic an Tpis- - Ty, SANG vé phai, ta nhan duoc

/ / / / / A N ) / / / /
177 + A%y + -+ AT, = by — (a1p+1$p+1 + o+ ah,Tn)
/ / / I 1/ / / / /
Aoy + Ay, Ty, = by — (A, 1T q + -+ a5, 77,) (4.13)

Khi gan chon—p an @), 4, ..., ), & vé phai mot bo tham s6 (z0,,,...,2%) thi
hé phuong trinh c6 duy nhat mot nghiem (x’{, P x2+1, e ,a:%). Trong
d6 x7, x5, ...,z duge tinh theo n — p tham s6 20, ,..., 2. Vay he phuong
trinh c6 vo sd nghiém phu thuoe n — p an s6 14 n — p tham s6 nhan gia tri tuy

-

y.

Chii y 4.1. Ta chi nén dimg quéa trinh bién doi khi nhan dugec ma tran dang
bac thang.

Nén chon aj; = 1,a9 = 1,... dé viéc bién doi ma tran bo sung A dugce
thuan loi.
Céc an chinh khong nhét thiét la cac an i, ..., 2. T phuong trinh c6 it

an s6 nhat ta giit lai mot an tuy ¥ v6i hé s6 khac khong, chuyén cac an con
lai sang vé phai, khi d6 cac an duge chuyén sang vé phai goi 1a céc an khong
chinh.

Ta c6 dinh 1y sau.

Dinh 1y 4.4. V6i he phuong trinh tuyén tinh (4.3), gid st 7(A) = r(A) =
p,1 < p < min(m,n). Khi d6 ta c6 cac trudsng hgp sau:

1) Néu p = n thi hé ¢6 nghiem duy nhat;
2) Néu p < n thi he ¢6 vo s6 nghiém phu thuoc vao n — p an sb tity ¥.
Vi du 4.11. Giai hé phuong trinh sau bang phuong phap Gauss.

T+ 229+ 323 = a
25E1+5l‘2+31’3:b

T +8$3:C

1 2 3 «a
Giai. Ma tran bo sungZ: 2 5 3 b

1 0 8 ¢
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Thuc hién cac phép bién doéi tuyén tinh lén hang clia ma tran bo sung A,
ta dudge

1 23 a 10 8 ¢ 10 8 c
A=125 3 bl — 1|01 -3 b—2| —101 =3 b-2a
1 0 8 ¢ 0 2 =5 a—c 0 0 1 ba—2b—-c

C6 r(A) = r(A) = 3 hé c6 nghiém duy nhat véi moi a,b, c. Ta nhan dugce
hé phuong trinh tuong duwong véi hé da cho 1a

ry + +8ZL’3:C
Ty —3x3=b—2a

T3 = ba — 2b — c.

r1 = —40a + 160 + 9c¢
Vay { x93 = 13a — 5b — 3¢ 1a nghiem duy nhat ctia he.
r3=5a—2b—c
O bai toan nay, ta c6 thé tiép tuc bién ddi ma tran bd sung dé dua ma tran
A vé ma tran don vi khi d6 ta doc duge nghiém:

10 8 c 1 0 0 —40a+ 16b+ 9c
A— |01 =3 b_9q | =My 1 0 130—5b—3c
3h3+ha—>ha
00 1 Ba—2b—c 00 1 5a — 2b — ¢

Vay ta da tim dugc hé phuong trinh tuwong duong va nhan duge nghiém cia
he

r1 = —40a + 16b + 9¢

T9 = 13a — 5b — 3¢

r3 = Ha — 2b — c.

Vi du 4.12. Giai hé phuong trinh sau bang phuong phap Gauss

i — T3+ T4 — T5 = -3
2x1 4+ 2x9 + 3 — 914 =2

3x1 — X9+ a3 —8xy — 4y = —2
6x1 + 2o+ x3 — 1624 — S5 = —3
1+ x9 + + x4 + 225 = —2.
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Giai. Bién doi so cap theo hang ma tran bd sung ciia he

1 0 -1 1 -1 -3 1 0o -1 1 -1 -3
2 2 1 -9 0 2 0o 2 3 -—-11 2 8
A=13 -1 1 -8 -4 —2|—1]0 -1 4 -11 -1 7
6 1 1 —-16 =5 -3 o 1 7 =22 1 15
_1 1 0 1 2 =2 0 1 1 0 3 1
_1 0 —1 %% —3_ —1 o -1 1 -1 —3_
01 1 0 3 1 01 1 0 3 1
— 00 1 -1 -4 6(—|(00 1 —-11 -4 6
00 5 —-11 2 8 00 0 44 22 =22
00 6 —-22 -2 14 00 0 44 22 =22
_1 o -1 1 -1 —3_
01 1 0 3 1
— |10 0 1 —-11 —4 6
00 O 2 1 -1
_O 0 O 0 0 0_

Ma tran cudi la ma tran bac thang hang. Ta c6 r(A) = r(A) = 4 < 5, do
d6 he phuong trinh c¢6 vo s6 nghiem phu thuoc vio mot an tuy ¥. Tuy nhien
nén tiép tuc bién doi dé tir d6 dé dang suy ra nghiém:

(100 0 0 -2 (100 0 0 —2
011 0 3 1 010 -30 2
A—1001 -30 2|—1l001 =30 2
000 2 1 —1 000 2 1 -1
000 0 0 0 000 0 0 0
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thuoc mot an tuy ¥

T = -2
Ty — 31y =
T3 —3x4 =
20y + x5 = —1.
Nghiém tong quét ctia hé la
(xl = -2
To =2+ 314
r3 =2+ 3xy
Ts = —1—2x4
|24 tuy y thuoc R.

Trong thuc té tit ma tran cudi ciing ta c6 thé viét luon ra nghiém ma khong

can viét hé phuong trinh tuong duong ciia no.

Vi du 4.13. Giai va bién luan theo tham s6 m hé phuong trinh

31’1 +2[L’2+5ZL’3—|—4[E4 =3
2371 +3$2+6$3+8I4 =5

1 — 61’2 — 9.’13‘3 — 201’4 =—11

4.’1}1 —|—.CL’2 +4.§L’3 —i—m:z:4 = 2.

Giai. Bién doi so cap theo hang cia ma tran bo sung tuong tu vi du trén

3
2

|

1

4

1
0
0

0

2
3
—6
1
~1
5
-5
5

d 4 3 1 -1
6 8 D 2 3
—
-9 =20 -11 1 —6
4 m 2 4 1
-1 —4 —2 1
8 16 9 0
e
-8 =16 -9 0
8§ m+16 10 0

-1
6
-9
4

—4
8
—20

m

Khim =0:2=7r(A) < r(A) =3, do d6 hé vo nghi¢m.

—11

—4

16

-2
3

2

—2

9
1

0
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Khim # 0:7(A) = r(A) = 3 < 4 nén hé c6 vo s6 nghiem phu thuoc 1 an.
Hé da cho tuong duong véi

T — Xy — T3 — 4ay = —2
9xy + 8x3 + 1624 = 9
mxy = 1.

Chon x5 tity ¥, ta c6 nghiém tong quat ctia he

1 4
Ty=—o o — X3, X2 = — —— — -I3,T4 = —;x3 tuy §.
5 D m
Ta ciing c6 thé bién ddi tuong duong tiép lén ma tran cudi dé duge ma tran
dang don gian hon dé suy ra nghiem:

1 -1 -1 —4 -2 1032 -2 -2

8§ 16 9
058169_>01Sgg
00 0 m 1 000 m 1
00 0 0 0 000 0 O

T day c6 thé doc ra nghiém nhu tréen.

4.3.4. Ung dung hé phuong trinh tuyén tinh dé tim cd sé ctia khong
gian sinh bdi mot hé véc to

Cho heé véc to {vy,--- ,v,} cla khong gian véc to V| ta co:
b € Span{vy,- - ,u,} < Jzq,..., 2, ER: 2901 + ... + 250, = b. (4.14)

Gia st B = {ey,...,en} & mot co s6 cia V. Goi (bi)B; (aij)B;j =1,...,n,
lan lugt 1a toa do ctia byv;;7 = 1,...,n trong co s¢ B. Khi d6 diéu kien
b € Span{vy,- -+ ,v,} trong Cong thic (4.14) tuong duong véi hé phuong trinh
sau c¢6 nghiém.

a1 a2 ... Qip Iy by

21  dg2 ... Qd2p T2l by <415)

am1 Am2 ... Amp Tn bm



