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L&i mé dau

Gido trinh “Todn Cao cdp A,” ndy dugc bién soan nhim phuc vu cho nhu
cau vé tai liéu hoc tip clia sinh vién Trudng Pai hoc Su pham K§ thuat thanh phd
H6 Chi Minh. Nji dung gido trinh nay goém 5 chuong:

Chuong 1 : Ma trdn — Dinh thiic.

Chuong 2 : Hé phuong trinh tuyén tinh.

Chuong 3: Khong gian vec to-Khong gian Euclide va hinh hoc gidi tich.
Chuong 4: Tri riéng, vec to riéng, chéo hoa ma trdn, dang toan phuong.
Chuong 5: Phép tinh vi phdn ham nhiéu bién va vng dung.

NOi dung m6n hoc nhu trén 1a khd phong phi. Tuy nhién, thdi lugng danh
cho moén hoc nay chi ¢6 3 tin chi (45 tiét 1én 16p) 1a hoi it. Do dé, dé ti€p thu tot
modn hoc, cdc ban sinh vién cin doc k§ bai hoc trong gido trinh trudc khi dén 16p.
Céc ban can lam bai tdp day di dé€ hi€u ré nim vitng cdc khdi niém, noi dung, y

nghia cdc bai todn va suy nghi vé viéc ting dung vao ddi song.

Tru6c mdi chuong hay mdi bai tdc gid néu ra nhitng noi dung, nhitng ki€n
thitc cd badn ma sinh vién cin phdi dat dudc. Dua vao d6 ma cdc ban sinh vién biét
dugc minh s& phdi hoc nhitng gi, can phai hi€u rd nhitng khdi niém nao, nhitng noi
dung ndo cin phdi nim vitng va nhitng bai todn dang nio phdi lam dugc. Trong mdi
chuong, tic gid dua vio kha nhiéu vi du phit hdp d€ minh hoa lam sdng té cdc khdi
niém vira dudc trinh bay dong thdi chi ra dudc rat nhiéu ¢ng dung vao thuc t€. Sau
mdi chuong hay bai hoc c6 phin bai tip dugc chon loc phi hdp dé sinh vién ty
luyén tip nhim dat dugc sy hiu bi€t sdu rong hon cdc khdi niém da doc qua va

thdy dudc cdc ing dung rong rii cia cdc ki€n thitc nay vao thuc t€.
Muc tiéu ching ctia tdi khi viét gido trinh nay:

¢ D& doc, dé hi€u, c6 thé ty hoc véi su hd trg chiit it ciia gido vién;
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¢ Ngudi doc c¢6 thé nim vitng tit ci kién thiic mon hoc ma ton it thdi gian
nhat. Do d6, chiing t6i chon cdch trinh bay hinh thitc d6i v6i cdc khdi niém
khong phtic tap cho ngidn gon dd mat thdi gian; con ddi vé6i cdc khédi niém
phifc tap (chang han nhu khong gian vectd) chiing tdi chon cach trinh bay

tir cu thé, tryc quan, tritu tugng dan d€ bdo ddm ban doc hi€u dugc.

¢ DPoc gido trinh nhu m6t hanh trinh khim phd tri thic va kha ning dng
dung vao cudc song. Ngudi doc cdm thdy thich thd, hanh phic, tu duy

logic cung tri tudng tugng va khad niang sidng tao ting 1€ ro rét.

¢ Ngudi doc biét ng dung nhitng gi dd hoc 1am coéng cu d€ hoc tiép cic

mon khdc va biét tng dung vao thyc t€.

Tuy c6 rit nhiéu ¢ ging trong cdng tdc bién soan , nhung chic chin gido
trinh nay van con thi€u sét. Ching t6i xin trin trong ti€p thu y ki€n déng gép cla
cdc ban sinh vién va cdc dong nghiép d€ gido trinh nay ngay cang hoan chinh hon.

Thu gép ¥ xin gt vé : Ngdé HOu Tam

Trudng Pai hoc Su Pham K§ thuat TP. H6 Chi Minh
Khoa Khoa hoc Cd ban

B6 m6n Todn
Email: tamnh@hcmute.edu.vn
huutamngo @yahoo.com.vn
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Chuong 1
MA TRAN - PINH THUC

Chuong nay gom cdc ndi dung sau:

¢ Khdi niém ma tran, mot s6 ma tran dic biét;

¢ Cic phép todn ma trin, tinh chit;

¢ Phép bién ddi so cAp hing, ma tran tuong duong hang;

¢ Ma trén rdt gon bac thang, hang ma trén.

¢ Khai ni€ém va céch tinh dinh thic;

¢ Cic tinh chat dinh thic;

¢ Hai cdch thudng st dung d€ tinh dinh thiic;

¢ Ap dung dinh thitc tim hang ma tran.

¢ Khdi niém ma tran kha nghich va ma trdn ddo ciia mdt ma trin
vuong;

¢ Ci4c tinh ch4t ma tran kh4 nghich;

¢ Diéu kién can va dd d€ mot ma tran vuong kha nghich;

¢ Hai cdch cd ban tim ma tran dao cia mot ma trdn kha nghich;

¢ Ung dung ma trin ddo dé€ gidi phuong trinh ma trdn va hé phuong

trinh tuyén tinh.
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§1. MA TRAN

Trong bai nay, ban sé hoc

Khai niém ma tran, mot s6 ma tran dac biét;

C4c phép todn ma tran, tinh chat;

Phép bié€n d6i so cAp hang, ma trin tuong duong hang;
Ma tran rat gon bac thang, hang ma tréan;

1- Ma tran (matrices)

1.1 -Dinh nghia va ky hiéu ( K = R 1a tip s thuc hodc K = C 1a tap s6 phiic)

Mot ma trin A cidp mxn (c8 mxn, kich thu6c mxn) trén K 13 mot bang chit nhat gdm mxn

phan tif trong K dudc viét thainh m hang va n cét nhu sau:

app 4y o a4y a4y o 4y
ary dp - 4 ary dp a
A= 7 7 . 7" hay 4= ) g
A1 Am2 Ayn A1 Ay 0 Ay

Trong d6 aj; € K 1a phan ti¥ (s6 hang) & vi trf hang th i va cot thi j cha ma trin A. Doi
khi ma trdn A dudc ky hiéu vin tit1a: A = [@jjlmxn = ( @i))mxn = A mxn-

Ky hiéu M ,4,(K) 12 tip hop tit cd cdc ma tran caAp mxn trén K.

% Ma tran khong (zero matrix ) 12 ma tridn ma tit cd cdc phan tif déu bing 0, ky hiéu 12 0

00 --- 0
R ) < 00 --- 0
mxn (hay 0 n€u khong ¢6 sy nham 1an): 0y, = .. .1=0
00 --- 0
an
a
¢ Ma tran cOt (column matrix) 1a ma tran chi ¢6 mot cot: A = .21
ap
% Ma trin hang (row matrix) 12 ma trdn chi c6 mot hang: A = (all aly e a, )
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D)

Ma tran c6 s6 hang bing s6 cot goi 12 ma trdn vuéng (square matrix). Ma trin vudng

D A O
PR C s A N N dy; Gz -+ 4y
c6 n hang goi la ma trdn vudng capn: A= . .. = [aij]nxn .
Ayl Ap2 " Apy

Céc phan tif a1, a2, ..., ann g0i 12 cdc phan t¥ chéo clia ma trdn vudng A. V&t ma trin
N
vudng A, ky hi€u Tr(A), dudc dinh nghia nhu sau: Tr(A) — a;; +ax +....+an

Ky hi¢u M ,(K) 1a tap hop tit cd cdc ma tran vudng cap n trén K.

% Ma trin vudng A = [ajj]nxn g0i 12 ma trdn tam gidc trén néu a;; = 0 khi 1 > j, tic 1a n6

0

app 4 o 4y
O azz az
c6 dang: A = ) "
0 0 --- a

nn

Ma tran vudng A = [ajj]nxn g0i 12 ma trdn tam gidc dugi néu a;; = 0 khi j > 1, tic 1a

all O 0

L a az -+ 0
né cé dang: A=| A .
auy1 Qpp 0 Ay

Ma tran vudng D goi 12 ma trdn chéo néu D vira 12 ma trin tam gidc trén vira 12 ma
trdn tam gidc dudi, tic 1a né c6 dang :

a” O O
0 @ - 0 | kshieu

D=| . ?2 . : — dg(ai,an, .., ann).
0O 0 - a

nn

Ma tran chéo ma tit ca cdc phan tif chéo déu bing 1 goi 13 ma trdgn don vi, ma tran don

1 0 --- 0
. . . s x o1 -0

vi cap n ky hiéu 1a I, hay I khi khong c6 sy nham lan: I,=| . . . =1
0 0 1

Vidu 1.1

6 7 -9

3 -4 5+2i) . .
a) A= la ma trdn cap 2x3; a,, =3,a,, =—4,a,; =5+2i,---,a,; =9
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5 7 -3
b) A4=| 2+i -1 6 |lama trdn vudng cap 3.

8-3i 9 12
5 7 3 5 0 0
c) C=|0 1 6| la ma trdn tam gidc trén; C'=|2 -1 0 | 12 ma trin tam gidc
0 0 12 4 -2 13
dudi.
4 0 0 O
0 3 0 O .
d) D= = dg(4,3,—1,2)1a ma tran chéo cap 4.
0 0 -1 0
0 0 0 2
0 0 1 00
) 0 0 0[,0 000 e I,=|0 1 0
(& = ) x s = H .
3x2 2x3 0 0 0 2 0 1 3
0 0 0 0 1

1.2 - Cac phép toan ma tran

1.2.1- Pinh nghia -Vi du minh hoa

a) Ma trdn bang nhau: Ma trin A = [@jj]mxn gO1 12 bing ma trdn B = [bijlmxn> KY

hiéu A =B, néu a, =b, Vi=l,m va j=1n.

bN
A=B < aij:bij,Vi:I,m Vflj=1,n

1 -1 7 3 0
ViduI.ZChoA:(H Y j,B:( J.Timx,y,z,tdéA:B.

2z t-3 6 4
Gidi
x+1 = 7 x = 6
-1 = 3 = 4
A=B & Y = Y
2z = 6 z = 3
-3 = 4 t = 7

b)Phép cong, trii cdc ma trgn cing cdp: Cho A = [Qij]mxn, » B = [Djjlmxn

PN PN
A+ B = [a; + bjjlmxn ; A-B = [a; - bijlmxn

Tic 1a khi cOng, trir hai ma trdn cling cAp ching ta cdng, trlt cdc s6 hang cling vi tri
vGi nhau.
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¢) Phép nhén mot s6 véi mét ma trgn: Cho A = [ajj]mm, o € K

o A [ocadmxn

Tic 12 khi nhdn mot s6 véi mOt ma trin ching ta nhan s6 d6 véi tat cd céc s6 cla
ma tran.

2 4 -1 6 3 1
Vidu 1.3 Cho A= , B= .Tinh A4+ B, 24+3B, 24-3B.
1 3 2 2 5 2

2 4 -1 1 8 0
A+B=
1 3 2 2 5 2 3 4
2 4 -1 1
2A+3B=2
1 3 2 2 5 2 10
2 4 -1 6.3 -14 -1 -5
2A-3B =2 -3
1 3 2 2 5 2 -4 -9 -2
d) Phép nhdn hai ma trdan co cdb thich hgpi(sﬁcét ma trin trudc phai biing s hang ma tran sau)

Cho Cé-c ma trﬁ'n A = [aik ]m><n > B = lbk/ Jnxp

AB = {Zalk bkj}

mxp

S6 d6 ctia phép nhan ma trin nhu sau:

Cot j ;
=1
ap Ay Ay, bll }U blp o\ o
: : : : : b21 sz b2p E 5 : E 5
Hangi—>| a;; a;p - - ay, : : : Do : | <—hangi
(A Gpp Ay, | _bnl bnj bnp_ _; Do 3_
%/—/
4 B AB

e) Phép liiy thita ma trd@n vuéng: Cho ma tran vudng A = [ajj]nxn
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A'=T,A'=A, A’=AA, . A=4""4= AA...... A
k-14n

2 0
-1 3 3 -1

khong ton tai ma trdn BA .

1 2 1
Vi du 1.4 Cho A:( j, B:( 4}. Tinh AB, 4%, 4°; giéi thich vi sao

Gidi
o (U220 1) _(2+6 0-2 148 (8 -2 9
-1 3)(3 -1 4) (=249 0-3 —1+12) |7 -3 11
) 1 2 1 2 1-2 246 -1 8
A= = =
-1 3){-1 3 -1-3 -2+49 -4 7
; 5 -1 8 1 2 -9 22
A= A" A= =
-4 7)-1 3 -11 13
Vi B ¢63cotva A c62hang nén khong tdn tai BA .
f) Phép chuyén vi: Ma tran chuy€n vi cda A = [, k¥ hi€u 47, 12 ma trdn xdc

BN )
dinh bdi 4" = [a] |om V6L a}, = a;j; tifc 12 AT ¢6 dudc tir A bing cdch chuyén hang
thanh cot.

Vidu 1.5
2 6 1 23
a) VGi A= Jthi A'=16 8].
3 8 4
1 4
2 6
-3 7 2 -3 50
b) Vé6i B= thi B" = i
5 9 6 7 9 8
8

1.2.2- Tinh chét ciia cdc phép todn vé ma trédn

Véi moi ma tran A, B, C c6 cap thich hgp dé€ thyc hién dudc cic phép todn va vdi
moi s6 a, B € K.

O A+B=B+A o Amxn-onxp = Omxp = Omxk-Akxp
O A+ (B + C) = (A + B) +C (8] OAmxn = Omxn s O('Omxn = Omxn
® Amxn + Omxn = Amxn (9] (AB)C — A(BC) = ABC

O o(A+tB)=aA*xaoB
(o +B)A=0aA + BA
® AB+C)=AB+ AC
(A+B)C=AC+BC

®A+B)=AT+B", (AB)"=B"A"”
(ABC)" = C'BTAT

11 LA = Amxn = Amyaln.

12 N€u A = [ajjlpn thi AL, =A=1, A
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B a(BA) = (ap)A =B(aA)
a(AB) = A(aB) = (0A)B

*k Cha y Phép nhdn ma trdn khong cé tinh chdt giao hodn.

Vidu 1.6

a) Cho A:(z : 2}3:(‘2 !
6 1 4 3 2
1 2 1

b) Cho A=|2
1 1 2

21 2
a) AC =
6 1 4

11
(34-2B)C= 34C-2BC=3 [25

oy (1125
( )—5 9

1 2 1y1 2 1
b) A°=44=[2 0 1|2 0 1]|=
11 201 1 2
6 3
f(A)= 34> +24-41=3|3 5
5 4

1.3 - Phép bién doi so cdp hang -

1.3.1 - Dinh nghia

W = N
NN - O

0
, C=
2]

1| va f(x) = 3x*+ 2x - 4. Tinh f(4).

Gidgi

52—31_3913
9 14 6) |47 15

6 3 5
35 4
5 4 4
5 1 2 1 1 0 0) (16
40+2/2 0 1]-40 1 o|=13
4 11 2 00 1) (17

Hang ciia ma trgn

C6 3 loai phép bién doi so cdp hang (elementary rows operations)

Loai 1 Hodn vihaihang : h; <> by

Loai 2 Nhan mot s6 khdc 0 vao mot hang : ah;— h;, o= 0

TOAN CAO CAP Ay oo e

. Tinh 34-2B)C, C"4".

2 0
11 5 -2 10 -3 1
1 1= ; BC= 1 1=
25 9 3 2 2 14 6
3 2 3 2

13 17
11
14 12
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Loai 3 Thay mot hang b&i hing d6 cong véi o 1an hang khic
h; + O(,hj — h;, 1¢_]
K&t hdp loai 2 va loai 3 ta dugc : ah; + Bh; = h;i, o # 0, i#j.

1.3.2 -Ma trdn tuong duong hang

bién ddi so
Néu tr ma trdin A — ... — B thi ma trdn A goi la tuong duong hang v461 ma
cap hang

train B, ky hi€éu A ~ B.

BN bi€n ddi so
Viy: A~B & A—> ... —B.
cap hang
0 1 2 1 -1 3 1 -1 3
Vidul7 A=|1 -1 3|—2<h 510 1 2|22 si0 1 2
2 4 1 2 4 1 0 6 -5
ﬂ_/ ﬁ—J
1 -1 3
L RN I T | 2 =D
0O 0 -17

Khid6,A~B,A ~C, A~D,B~C,.

1.3.3- Ma tran rit gon bac thang

Ma trdn A, = [ajjlmx g01 12 ma trin riit gon bdc thang néu n6 thda dong thdi 3 tinh
chat sau:

- Céc so phia duéi s6 khdc 0 ddu tién trén mdi hang déu bing 0.

®- Cic s6 khdc 0 dau tién trén mdi hang x&p theo thit tu bic thang tit trén xudng
dudi va tir trdi sang phai.

® - Cédc hang zéro nim phia dudi cdc hang khdc zéro (hang zéro 12 hang ma tit ¢4 cdc s6

hang déu bing 0).

Vidu 1.8
2 3 1 -17

a) A=|0 0 7 9 |Ilama trin rat gon bac thang.
0 00 O
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509 7
0 6 4 3
b) B= la ma trdn rdt gon bac thang.
0 0 0 3
0 0 0O
2 31
c) C=|0 0 7 9| khdngla ma trin rit gon bac thang vi khong thda tinh chat @.
0 506

1.3.4 -Hang ma tran

Hang ma trin A = [ajj]myn , ky hi€u la »(4), 1a mot sd x4c dinh nhu sau

Bién ddi so

T matran A —................ A,
cap hang

v6i A, 1a ma trin rut gon bac thang

thi 7(A4)=s0 hang khdc zéro clia A,

Vidu 1.9
23 1 8 23 1 8
a) Matran 4=|0 0 -1 9|22 10 3 0 2|=4
03 0 2 00 -1 9
Suy ra r(4)=3.
1 31 2 1 3 1 2
b)MatrénB=13010%>00—18
26 1 12) > 1P loo -1 8
13 1 2
hy—hy _
M 1o 0 1 8|=8
00 0 0

Suyra r(B)=2.

Vidu 1.10 V6i m 1a tham s, hdy tim hang cda ma trin sau:

1 2 3 2
5 3 4 1 1 m m
a)A= b) A=|1 m 1 m
3 4 5
m 1 1 1
4 5 m
Gidi
a) Taco
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1 2 3 1 2 3 2 3
2 3 4 hy~2h;;hy-3h 0 -1 -2 hy—2h, 0o -1 -2
A —>
3 4 5 h,—4h, 0o -2 -4 h,—3h 0 O 0
4 5 m 0 -3 -12 0 m-6
1 2 3
h,<h 0o -1 -2 2 khi m=6
3T = 4. Suyrar(A) = . :
0 0 m-6 3 khi m#6
0 0 0
b)
1 m m? 1 1 m m*
hy—hy hy+h,
A h—>h 0 m—1 1-m m-m*| >0 m-1 1- m-—m’ =4
o l-m 1-m> 1-m’ 0 0 2-m-m> l+m—m>—m

1 1 1 1
Khi m=1thi 4 =0 0 0 0|nén r(4)=1.
0 0 0 O
Khi m#1 thi 4, c¢6 3 hang khdc z€éro nén r(4)=3.
*k Tinh chat
i) r(4)=r(4")=. Suy ra khi tim hang ma tran c6 thé bi€n ddi sd cip cot.
ii) Néu A~B thi r(A) =1(B).
i) Néu A = [ajj]nxn thi 1(A) < min {m,n}.
1 =2
2 5
7 9
6 5
Giﬁi

T 1 2 7 6 hy+2h
A — 2 1 >
-2 5 9 5 0 9 23

r(A)=r(4A")= s6 hang khdc zéro clia 4”7 = 2.

Vidy 1.12 Tim hang ma trdn 4=
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§2. PINH THUC

Trong bai nay, ban sé hoc

¢ Dinh nghia va céch tinh dinh thiic;

¢ Ciéc tinh chit dinh thic;

¢ Hai cach thudng st dung d€ tinh dinh thic;

¢ Ap dung dinh thitc tim hang ma tran.
2.1-Dinh nghia - Cdch tinh
Ky hiéu dinh thic ca ma trdn vudng A = [ajj]., 12 detA hay |A].
* Pinh thifc cAp 1: V6i A = (a;)) thi detA =a,,.

* Pinh thifc cAp 2: detA = |A| = 4
C

b
‘=ad-bc.
d

a4 a3
* Dinh thitc clp 3: detA =|a,; a,, a,;| =(aj1a»as; + a;pa3a3; + a;3a1a3,)

431 43 as3
-(az1aa;3 + a3a3a1; + a33a21a12).

Quy tdc duong chéo

i+

i+ n
) s =)
i=

Khai trién hang i Khai trién cot j

, VOi [Mj;| 1a dinh thirc cdp (n-1) c6

J=1

goi 1a phan phu dai s6 cda a;;.

(i A biing cdch bd hang i va cotj va (-1)""/ ‘Ml.j

3 2 01
2 01
, . (s . 0 -1 3 2
Viduy 1.12 Tinh c4c dinh thic: a) -1 3 2 b) 0 L
1 1 1
2 3 0 4
Gidi
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2 0 1
a) |-1 3 2/ =(6+0-1)-(3+4+0)=-2
111

b) Khai trién dinh thitc theo cot 1

3 2 01
-1 3 2 2 0 1

0 -1 3 2
=31 1 1|+0+0+2-1 3 2

0o 1 1 1
3 0 4 1 1 1

2 3 0 4

= 3[(<4+9+0)—(6+0+12)]+2(-2)= -39 — 4 = -43.
2.2- Tinh chit cua dinh thic

® detA = detA”. Suy ra moi tinh chit cta dinh thic néu di ding v6i hang thi ciing
ding vdi cot va ngudc lai. Do d6 cdc tinh chat ti€p theo sau diy ta chi cin phat biu
doi vé6i hang.

A det(AB) = detAdetB.

® Hodn vi hai hang (cot) thi dinh thic ddi dau. Tic 13,

; h<h .
néu |A| ——/— |B| thi|A|=-|B]
h<h
Z l ]
(hodc viétgon |A| = -|B|)

Vay néu dinh thifc ¢6 hai hang (cot) gidng nhau thi dinh thitc bing 0.
® Né&u nhan mdt hang (cot) cia dinh thic véi mot s6 « = 0 thi dinh thifc ting 1én o
lan. Tdc 1a,
, ah —h, 1
néu |A| —— 15 |B| thi|A|= - [B|, a0
a
ahi {
(hoic vi€t gon |[A| = —[B|, @#0)
a
Vay thira s6 chung ctia mot hang (cot) c¢6 thé dit ra ngoai dau dinh thic.

® Khi thyc hién phép bién ddi so cip loai 3 trén hang hay cot thi dinh thitc khong
ddi. Tic 1a,
htah —h

néu [A| ——J T, |B| thi |A| = B|

htah
i

) J
(hodc vi€tgon |[A| = |B|, i#J)
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® Né&u dinh thifc ¢6 hai hang (cot) ty 1€ thi dinh thifc bing 0.

@ N¢&u dinh thitc c6 mdt hang(cdt) zero thi dinh thitc bing 0 (hang zéro la hang ma cdc
s6 hang déu bing 0).
® Né&u mdi s6 hang & mot hang clia detA 1a tdng clia hai sd thi detA bing tong hai
dinh thic: Dinh thitc thit nhat suy tir A biing cdch thay mdi s6 hang & hang néi trén
néi trén bdi mot trong hai s6 hang clia né. Pinh thifc thit hai c6 dudc bing cich thay
s6 hang con lai:

ata b+b c+c a b c a b ¢

a, b, ¢, |=|a; by ¢f|+la; by ¢

a b, €2 ay by ¢ |a; by ¢
© Dinh thiic ma trin tam gidc (tam gidc trén , tam gidc dudi) bing tich cdc s6 trén
dudng chéo.
Thong thudng, khi tinh dinh thdc ching ta lam nhu sau:

Cdch 1 Ap dung cic tinh chat dinh thitc d€ bién d6i dinh thic c6 mot hang hoic mot
coOt that nhiéu s6 0 roi khai trién dinh thic theo hang hoic cot d6.
Cdch 2 Ap dung cic tinh chit dinh thic d€ bién ddi dinh thic vé dang dinh thic ma
trAn tam gidc. Khi d6, dinh thitc biing tich cdc s trén dudng chéo.

Viduy 1.13 Tinh cac dinh thic sau

1 2 3 4 1 a b ab
b3 b3 0 3 4 1 1 a b ab
a a
a)l-1 2 -3 b1 2 2 c) d)
1 589 1 a b ab
2 2 6 225
1 2 4 3 1 a b a'b
Gidi
1 1 3
a) -1 2 -3 =0vicdtl vacot3tylé.
2 2 6
1 1 3 1 1 3
hy—hy shy =2y
b1 2 2 - 01 -1 =-1
2 25 00 —1
1 2 3 4 1 2 3 4 1 2 3 4 1 23 4
c)0341h4—fn_;hs—h1034 I[nh0 3 4 1[nkl0 3 4 1_15
1 589 035 5 loo1 4 loo1 4|
1 2 4 3 00 1 -1 00 1 —1 000 -5
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1l a b ab 1 a b ab 1 a b ab
d) 1 a b a'db hrhz:ahs*hl 0 a-a 0 b(a-a) h4;hs 0 a-a 0 b(a'-a)
1l a b ab b= 10 0 b-b a(b-b) 0 0 b-D a(b'-b)
1 a b a'b' 0 0 b-b da(-b) 0 0 0 (b'-b)a'-a)

= (a-a)*(b'-b)*

2.3-Ap dung dinh thiic dé tim hang ma trén Cho A = [ij]mxn

i) Tu ma tran A ta chon ra k hang va k ¢dt tiy ¥, v6i k hang va k cot vira
chon ra ta 1ap dugc mot dinh thitc cip k, dinh thdc ndy goi 12 dinh thic
con cdp k cia A.

ii) r(4) = cap cao nhat cla cdc dinh thitc con khic 0 clia A.
2

Vidu 1.14 Ap dung dinh thdc tim hang ma tran 4=| -1
3

= N
[\S 2 \O I )

3
1
7
Gidi

Xét cdc dinh thitc con cip 3 cia A:

2 10 2 1 3 2 0 3 1 0 3
-1 4 2/=0,-1 4 1|=0,-1 2 1|=0,14 2 1/=0
3 6 2 3 6 7 3 27 6 2 7

Suy ra, r(A4)<3.

1

P , - , 2
Xét ti€p dinh thdc con cap 2 cua A: ‘ LA 9%0

Suy ra, r(A4)=2.

Vidu 1.15 Ap dung dinh thic tim hang ma trdn 4=

O = =
N B~
DO
~N = W

I 0
Xét cdc dinh thitc concAp3clia A: |1 4 2/ = —6#0
6 2

Suy ra, r(A4)=3.
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$3. MA TRAN NGHICH PAO

Trong bai nay, ban sé hoc

¢ Khdi niém ma tran kha nghich va ma trdn ddo clia mot ma trin
vuong;

Cé4c tinh chit ma tridn kha nghich;

Piéu kién cin va di dé mot ma trin vudng kha nghich;

Hai cdach co ban tim ma trdn ddo cia m6t ma trdn kha nghich;

*® & o o

Ung dung ma trin ddo dé gidi phuong trinh ma trdn va hé phuong
trinh tuyén tinh.

3.1. Dinh nghia

Ma tran vudng A = [ajj]un g0i 12 khd nghich néu cé ma trdn B = [bjj]nxn sa0 cho
AB=1 = BA

Khi d6 B goi 12 ma trdn nghich ddo hay ma trén ddo cia A, ky hiéu 1a A™.

Viy A kh3 nghich khi va chi khitdn tai A" va AA'=1,=A"A
3 2 -1

e G O 2 e

2

1 2 -3 2
Vidu 1.16 V(’iiA:(2 J,B:( J.Tacé

-3 1 2
Vay A4 khé nghich va A~ :( 5 J: B; B khé nghichva B™' = (2 j:A.

3
Luu§ V6i 4 = [aglnem B = [bylnn: AB=1, khi va chikhi BA=1,.
3.2. Tinh chdt

@® Ma trin ddo cla ma trdn A (néu c6) thi duy nhatva (A '= A

® N&u A kha nghich thi A" ciing khd nghichva | (AT)! = (AT

® N&u A = [aj]uxn B = [bijlaxns C =[Cijlaxa khd nghich thi tich AB, ABC ciing kha
nghich va

(AB)' =B'A! ; (ABC)' =C'B'A"
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3.3 .Dinh ly ( diéu kien dé mot ma tran vudng kha nghich) Cho A = [ajj]xn. Ta 6 :
@ A kha nghich < A ~1,
@ A kha nghich < r(A)=n
® A kha nghich < detA #0
®pis A khong kha nghich < detA =0

1 2 3
Vidy 1.17 Bién luan theo tham s& m tinh kha nghich ma trdn A=|1 1 4
1 1 m-3
Gidi
1 2 3
detA=1 1 4 |=7-m
1 1 m-3

Khi m =7 thi det 4=0 nén 4khong kha nghich.
Khi m =7 thi det 4#0 nén 4 kha nghich.

3.4. Cdch tim ma trdn ddo va iing dung gidai phuong trinh ma trin
* Cdch 1-Phuong phdp Gauss- Jordan

Néu 4 kha nghich thi diy cdc phép bién ddi so cAp hang bién A thanh I, cling
ddng thdi bién I, thanh A™. Tic 13,

% Cdch 2-Phuong phdp dinh thiic
Né&u A kha nghich thi

-1 1 i+i L « 3. , N PR
A = oA Pz , Pz=[pij]nxn, Pii :(-1)1+J|Mij|, vdi [Mj| 1a dinh thifc cap (n-1) c6 tir A

bing cich bd di hang i ¢dtj. Ma tran PA = [pijlnxn £0i 12 ma trdn phu hop cla A.

1 0 1
Vidu 1.18 Timma trdn X théa: X|1 1 0 |+ bl 2):2(1 ! 2]
0 1 5 2 1 2 2 3 4
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1 0 1
X1 1 o (1 -1 2]:2(1 1 2}
1 2 2 3 4
0O 1 -2
1 0 1
o1 1 02(112}(1 —12}
2 3 4/ (2 1 2
0o 1 -2
1 0 1
oxl11 o0 :(1 3 2]@)@:3
2 5 6
0O 1 -2
%/—/
A

Ap dung phuong phap Gauss-Jordan:

1 0 11 00 1 0 11 00
(4D=]1 1 00 1 0[—2%5/0 1 -1-1 1 0
0 1 -20 0 1 0 1 -2/0 0 1

10 1[1 0 0) ,. (1 002 -1 1

hy =y

k101 =11 1 0|—s]0 1 02 2 -1

0O o0 -1j1 -1 1 0O 0 I1j-1 1 -1
2 -1 1
Suy ra Akhd nghichva 47'={-2 2 —1].
-1 1 -1
2 -1 1
YA-Beo x-Bi'e x| 2 *|l-2 2 —q]o[7¢ T 0
2 56 {1 { -12 14 -9

6 7 -4
Viy X = .
-12 14 -9

2 1 _
Vidu 1.19 Tim ma trin X thda: {7 3X+[; 11 ZJ:(I 1 2)
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