Chuong 3

DUONG BAC HAI

Trong chuong truée, ching ta da thay moéi phuong trinh bac nhat hai bién z
va y la phuong trinh clia mot duong thang trong mat phang Oxy. Trong chuong
nay, ching ta sé nghién ctu cac duong bac hai trong méat phang, tic 1a cac duong
xac dinh bédi cdc phuong trinh bac hai déi véi hai bién z va y trong mit phang
Oxy. Bén canh d6, ching ta ciing sé nghién cttu mot s6 chi dé lien quan dén ching
nhu tam, phuong tiém can, duong tiém can,..... Dac biét, nhiing dau hiéu bat bién
dé nhan biét cac duong bac hai v6i phuong trinh tong quat ciing duge trinh bay
chi tiét. Trong phan 3.1 cac van dé dudc xét trong mit phang véi he toa do truc
chuan.

3.1 Ba dudng conic

3.1.1 BDuong tron va ellipse
Dudng tron

Ta da biét phuong trinh ctia duong tron tam I(a,b), ban kinh R 1a
(x—a)® + (y —b)? =R~ (3.1)
Phuong trinh (3.1) ¢6 thé viét
22 4+ y? — 2ax — 2by +m = 0,
trong d6 m = a® + b? — R?, xem Hinh 3.1.

i U

0 |

Hinh 3.1: Duong tron.
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Nhu vay, phuong trinh dudng tron 13 mot phuong trinh bac hai véi hai bién z, y
théa man hai diéu kién sau day
2

e Cac hé sb ctia 22 v y? bang nhau;

e Khong c6 s6 hang chita tich zy.
Bay gio ta sé xét xem khi ndo thi mot phuong trinh bac hai véi hai bién z, y thoa
méan hai diéu kién néi trén 1a phuong trinh ctia mot duong tron. Cho phuong trinh
Az + Ay* + Bz +Cy+ D =0, (3.2)
trong d6 A # 0. Chia cé hai vé ctia (3.2) cho A, ta dugc phuong trinh tuong duong
v6i (3.2) 1a
B C D
2, .2
— —y+ —=0. 3.3
Pyt St Syt (3-3)
Phuong trinh (3.3) c6 thé viét 1a

x2+2£x+3—2 28 +C—2 +Q—B—2—C—2—o
2A" T 4A? Y ey ™ e -

hay

( +B)2+< +C>2_BQ+02—4AD
Y YToa) T 4A2 ‘
Dit
B_ ,C_,
oA~ oA~ 7
Cé6 thé xay ra ba trudng hop sau day
B? +(C? —4AD

(1) A = R? > 0. Phuong trinh (3.4) ¢6 dang

(z—a)’+ (y —b)* = R,
nghia la phuong trinh (3.2) la phuong trinh dudng tron tam (a, b), ban kinh R.

B2+ C? —4AD
(2) il VE = (0. Phuong trinh (3.4) tré thanh

(z—a)’+ (y—b)?=0.
Day la phuong trinh ctia dusng tron tam (a,b), ban kinh 0 ma ngusi ta goi la
duong tron diém.
B? +C? — 4AD

(3) Ve = —R? < 0. Phuong trinh (3.4) tré thanh

(x—a)*+ (y — b)?* = —R>.
Phuong trinh nay khong xac dinh diém thuc! nao. Ngudi ta néi phuong trinh nay
xac dinh mot duong tron do.
Vi du 3.1.1. Tim toa do ctia tam va ban kinh ctia duong tron
2 +y* — 8z + 6y + 16 = 0.
Giai. o
Phuong trinh da cho c6 thé viet dudi dang:
(x =4+ (y+3)* =3
Day la phuong trinh ctia dudng tron c6 tam 1(4, —3) va ban kinh R = 3.

1Pidm thuc 1a diém c6 toa do 1a cac sb thuc.
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Ellipse

Dinh nghia 3.1.2. Ellipse 1a quy tich nhitng diém trén mat phang sao cho tong
cac khoang cach tit diem dé dén hai diém c6 dinh cho trudc bing mot s6 khong
doi 16n hon khoang céch giita hai diém ay.

Hai diém c6 dinh &y dugc goi 1a tiéu diém. Khoang cach giita hai tieu diém goi
la tiéu cu.

Gia st Fy va Fy 13 hai tieu diém cta ellipse v6i F} Fy = 2¢ 1a tieu cu. Diém M
nam trén ellipse khi va chi khi

FlM —|— FQM = 2@,

trong d6 a > c.

T dinh nghia ta thay ellipse nhan dudng thang ) F va dudng trung truc cta
doan F}F; lam cac truc doi xing. Dé cho phuong trinh ctia ellipse duge don gian,
ta chon cac truc doi xing ctlia ellipse 1am cac truc toa do: truc hoanh 1a truc di
qua Fy, F», gbc toa do O la trung diém ctia doan FyFy. Nhu vay, tieu diem F; c6
toa do (—c,0), tieu diém F c6 toa do (c,0) xem Hinh 3.2.

Hinh 3.2: Ellipse.

Gia st diem M (z,y) 1a mot diém trén ellipse. Ta c6
FIM = \/(x+¢)?+y2 oM =/(z—c)?

Tt dinh nghia cta ellipse, ta ¢

(x4 )+ 92+ /(z— )+ y? = 2a. (3.5)
pé l? phuong trinh cua ellipse trong ]qé toa do vira chon. Muén/du’a phu’gng tr‘m\h
ay ve mot dang don gian hon, truée het ta dua can thitc thit nhat sang ve phai roi
binh phuong hai veé ta dugc

(z+c)2+ 92 = cx +a’.

Binh phuong hai vé mot lan nita, ta cé

(a® — *)2® + a*y® = a*(a* — ).
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Via > cnén a®> — ¢ > 0. Dat a®> — ¢ = b?, ta dudc
a2 + a2y? = a2,
Chia hai vé v6i a?b?, ta dugc

2 2

M+;:L (3.6)
Ta luu ¥y rang phuong trinh (3.6) khong chic tuong duong v6i phuong trinh (3.5)
vi trong qua trinh bién doi phuong trinh (3.5) ta da binh phuong hai vé clia né hai
lan. Vi vay, mudn chitng t6 phuong trinh (3.6) 1a phuong trinh cta ellipse, ta can
chitng minh ring moi diém c6 toa do théa man phuong trinh (3.6) déu nam trén
ellipse (xem nhu bai tap).

Phuong trinh
2 2

T Y
2 + e 1
1& phuong trinh cia ellipse va goi 1a phuwong trinh chinh tdc cta ellipse. Phuong
trinh nay la mot phuong trinh bac hai nén ellipse la mot dudsng bac hai.
Ellipse nhan cac truc toa do lam cac truc déi xing va goc toa do lam tam doéi
xing. Truc Ox duge goi la truc lon, va Oy duge goi 1a truc bé cua ellipse, a dugce
goi la bdan truc lon, b duge goi la bdan truc bé .

3.1.2 Hyperbol va parabol
Hyperbol

Dinh nghia 3.1.3. Hyperbol 1a quy tich cac diém trén mit phang sao cho gia tri
tuyet doi ctia hieu céc khoang cach tit diém dé dén hai diem c6 dinh cho trudc
bing mot s6 khong doi nhé hon khodng cach gitta hai diém Ay.

Hai diém c6 dinh &y goi 1 hai tieu diém, ki hieu 1a Fy, F». Khoang cach F} Fy =
2c goi la tiéu cu.

Diém M nam trén hyperbol khi v& chi khi
|F1M— F2M| = 2a, a < c.

Néu chon hé toa do tryc chuan Ozy sao cho Fy(—c,0), Fy(c,0) thi phuong trinh
chinh tac ctia hyperbol c6 dang

trong dé b? = ¢ — a?.

Hyperbol nhan céc truc toa do 1am truc déi xiing, goc toa do lam tam ddi xiing.
Truc Oz cat hyperbol tai cac diem (—a, 0), (a,0) nén Oz goi 1a truc thye, Oy khong
cat hyperbol nén goi 1& truc do, xem Hinh 3.3.

Hyperbol c6 hai duong tiém can la

y==+-u.
a
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9]
I

Hinh 3.3: Hyperbol.

Ay

Y

9

Hinh 3.4: Parabol.

Parabol
Dinh nghia 3.1.4. Parabol 13 qu¥ tich nhitng diém trén mit phing sao cho khoang
cach tit d6 dén mot diém cb dinh cho trude (goi i tiéu diém) bang khoang cach tit

diém d6 dén mot duong thing cho trude (goi la dudng chudan) khong di qua diém
da cho.

Néu tieu diém la F, dudng chuan la A ¥ F, thi M thudc parabol khi va chi khi
FM = d(M,A), tic Ia FM = MH, véi H 1a hinh chiéu ciia M len A.

Chon hé toa do tryc chuan Oxy sao cho F(p/2,0), phuong trinh duong chuan
Alax = —g thi phuong trinh chinh téc clia parabol 1a 32 = 2px, p 1a khodng cach

tit F' dén A goi 1a tham s6 ctia parabol, xem Hinh 3.4.

3.1.3 Ba dudng conic

Cac duong ellipse, hyperbol, parabol con ¢6 tén goi chung la cac duong conic.
Nguon gbc clia chit "conic" 1a khi cit mot mit nén tron xoay 2, xem Hinh 3.5,
bdi mot mat phang khong di qua dinh ctia mit nén thi giao tuyén sé 1a

2'mén" dich tir chit "cone".
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e Duong ellipse néu mat cat khong song song véi mot duong sinh nao clia mét

non (dic biet, ellipse 1a dudng tron néu mat cit vuong géc véi truc clia mét
non).

e Duong parabol néu mat cit song song v6i mot duong sinh clia mat non.

e Duong hyperbol néu mat cat song song véi hai dudng sinh ctia mit noén.

Circle and Ellipse Hyperbolas

Parabola- cutting plane
parallel to side of cone,

Hinh 3.5: Minh hoa cho ba dudng conic.

Nha toan hoc Hy Lap Apollonius, lam viéc tai Alecxandri, da ching minh duge
dieu d6 (khoang nam 200 TCN) theo cach 1ap phuong trinh nhu trong mon Hinh
hoc giai tich.

Ta da thay phuong trinh chinh tic cla ellipse, hyperbol va parabol 1a nhitng
phuong trinh bac hai déi véi x,y va 1a nhiing trudng hop riéng ciia phuong trinh

Az* + By +2Cx + D = 0, (3.7)

trong d6 A va B khong dong thoi bang 0.

(1)

(2) N

(3)

. 1
Néu A = 5, B = b2,C’ = 0,D = —1 thi phuong trinh (3.7) tré thanh
a
2 2
:v_2 + :Z—2 = 1. Phuong trinh d6 la phuong trinh cta ellipse (dudng tron la mot
a
ellipse dac biét).
s 1 1 . . . s
eu A = 2,B = —ﬁ,C = 0,D = —1 thi phuong trinh (3.7) tré thanh
2
% — ?;—2 = 1. Phuong trinh dé la phuong trinh cta hyperbol.

NéuA=0,B=1,C = —p, D =0 thi phuong trinh (3.7) trd thanh 3> = 2px.
Do 1a phuong trinh ctia parabol.

Dita vao phuong trinh (3.7) ta c¢6 thé nghién citu ba dudng conic mot cach thuan

loi.
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3.1.4 Duong kinh ciia ba dudng conic

Trude hét hay nghién ctitu bai toan sau day:

Bai toan. Cho mot duong conic va mot ho nhiing dudng Ehéng song song véi
nhau. Tim quy tich nhing trung diem cta nhing cdp giao diem cta dudng conic
va ho nhiing duong thang da cho.

Giai. Ta chon hé truc toa do Oxy sao cho phuong trinh ctia duong conic la
phuong trinh chinh tic, nghia la né c¢6 dang (3.7). Ki hiéu vé trai ctia phuong trinh
(3.7) 1a f(x,y), nghia la

f(z,y) = Az*> + By* + 2Cx + D.

Gia st trong hé toa do da chon, ho dusng thang da cho nhan vecto a = (a1, as)
lam vecto chi phuong. Goi M (g, yo) 1a trung diém ctia mot day tity ¥ My M. Dudng
thang M; M c6 phuong trinh tham s6 1a

{x = x9 + ait (3.8)

Yy = Yo + aot.

Thay gia tri z,y trong (3.8) vao (3.7), ta dugc phuong trinh bac hai déi véi t c6
dang:
Pt* +2Qt + R =0, (3.9)

trong do
P = Ad?+ Bd?,

Q = Aayzo+ Bagyo + Cay,
R = x§+ Byj +2Cx + D.

Néu goi f(xo,0) 1& dao ham riéng ctia f(z,y) d6i v6i x lay tai diém (z, yo)?,
fi(z0,90) 1a dao ham rieng ctia f(x,y) doi v6i y lay tai diem (zo, o), thi ta co

2Q = fr(z0,y0)a1 + f, (w0, yo)as.
Vi hai duong (3.7) va (3.8) c&t nhau nén phuong trinh (3.9) ¢6 hai nghiem ¢, 5.
Ung v6i hai gia tri t1, to Ay, ta c6 hai giao diém M; v M,, nghia la
Mi(zo + ait1, yo + ast1), Ma(wo + arta, yo + asta).

Nhung doan thang M;M, nhan M(zg, o) lam trung diém nén t; = —ty, hay
t1 +to = 0. Theo dinh 1i Viet, ta c¢6 Q = 0 hay

felwo, yo)ar + f, (0, y0)az = 0,

suy ra
Aaixg + Basyy + Ca; = 0. (3.10)

Dé thay cac he s6 clia zg vd yy trong phuong trinh (3.10) khong dong thoi bang

khong. Do d6, day 1a phuong trinh tong quat cia mot dudng thang. Vay, cac trung
diem cia cidc doan thang M; M, nhan vecto qd = (a1, a9) lam vecto chi phuong

3f!(x0,vo) chinh 14 dao ham ciia ham s6 mot bién s6 f(x,yo) tai diém xg, con f; (z0,yo) chinh la dao
ham ciia ham s6 mot bién s6 f(z¢,y) tai diém yo.
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nam trén dudng thang A c6 phuong (3.10). Dusng thang A dugc goi la duong kinh
cua duong conic lién hop vdi phuong q.

Toém lai, phuong trinh ctia dudng kinh ctia duong conic f(x,y) = 0, liéen hop
v6i phuong @ = (a1, a2) 1a

fo(@o, yo)ar + f, (0, yo)az = 0. (3.11)

Tit phuong trinh (3.11) ¢6 thé tim duge phuong trinh clia duong kinh ctia ellipse
(duong tron), hyperbol, parabol x4ac dinh bdi cac phuong trinh chinh t&c clia chiing.

Duong kinh cuaa ellipse

2 2
Duong kinh lien hop véi phuong @ = = (a1, az) cua ellipse :1:7 + ?22 = 1 xac dinh
bdi phuong trinh
x

Sa+ o b2 —0. (3.12)
Tu (3.12) ta thay duong kinh cia ellipse di qua gbc toa do, tic 1a qua tam doi
xting cua ellipse, xem Hinh 3.6.

Hinh 3.6: Duong kinh cua ellipse.

£ 3 2 ~ s 2, N N a N ~ S
Néu gia cua a khong song song véi truc Oy, tic la a; # 0, thi k = = 1a hé so
ai

goc ctia dudng thing c6 phuong . Lic do, phuong trinh ctia duong kinh lién hgp
v6i phuong k 1a

L+ Dk =0
hay
b2
V=t
b2
Goi hé s6 goc ctia duong kinh nay 1a &’ thi &' = TR T do
a
b2
ki = ——. (3.13)
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il

Hinh 3.7: Duong kinh ctia hyperbol.

Trong dang thic trén, ta thay vai tro clia k va k' binh dang, do d6 dusng kinh
lien hop v6i phuong &' sé c6 he s6 goc k. Hai duong kinh c6 hé s6 goc k va k' lien
hé v6i nhau béi cong thie (3.13) goi 1a hai duong kinh lién hop. Moi duong kinh
trong hai duong kinh lién hgp chia doéi cac day song song véi duong kinh kia.

Tu (3.13) ta suy ra k va k' khac dau, nghia la néu mot duong kinh nam trong
cac goc toa do I va IIT thi duong kinh lien hop véi n6é nam trong cac goc toa do
IT va IV. Gid st k > 0 thi ¥’ < 0. Néu k tang thi duong kinh c6 hé s6 goc k quay
ngude chieu kim dong ho. Lic d6, k&’ gidm veé gia tri tuyéet déi; nhung vi &’ < 0 nén
gia tri tuyét déi ctia né tang, nghia 1a duong kinh lien hgp c¢6 hé s6 goc k' ciing
quay ngugc huéng quay ctia kim dong ho. Néu k& — 0 thi |&'| — oo. Lac d6, hai
duong kinh lien hop dan téi hai truc doi xiing clia ellipse nén vuong goc véi nhau.
Cudi cung, tur (3.13) ta thay & luon luon khac &', vi kk' < 0. Nhu vay, hai duong
kinh lien hop ctia ellipse khong bao gio trung nhau. Cha § rdng hai duong kinh
lién hgp ctia duong tron luén ludn vudng géc véi nhau.

Duong kinh ctia hyperbol
2 2

Duong kinh lien hop véi phuong @ = (a1, az) cta hyperbol % = 1 xéac
a
dinh bdi phuong trinh
L Y
Eal — ﬁag =0. (314)

Tu (3.14) ta thiy duong kinh cia hyperbol di qua goc toa do, titc 1a tam doi xing
cua hyperbol, xem Hinh 3.7.
. a
Néu gia ctia @ khong song song véi truc Oy, tic 1a ay # 0, thi k = 2 la he
a
s6 goc ctia dudong thing c6 phuong . Lic do, phuong trinh ctia duong kinh cua
hyperbol lién hgp véi phuong £ la

L )
2 =0
hay
b?
Yy=——5-2x.

a?k
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) b?
Goi he sb goc cuia duong kinh nay 1a &' thi &/ = poR Tu do
a
b2

a?’

ki (3.15)
Hai duong kinh ctia hyperbol c6 hé s6 goc k va &' lien hé véi nhau béi cong thiic
(3.15) goi 1a hai duong kinh lién hgp. M6i duong kinh trong hai dudng kinh lién
hgp chia doi cac day song song véi duong kinh kia.

Tu (3.15) ta suy ra k va k' cing dau, nghia la hai dudng kinh cing nam trong
nhitng géc toa do nhu nhau. Néu k tang thi &' gidm, nghia la néu mot duong kinh
quay ngucc huéng quay ciia kim dong ho thi duong kinh lien hop ctia n6 quay theo
huéng quay ctia kim dong ho. Néu & — 0 thi ¥’ — oo. Lic d6, hai dudng kinh lien
hop dan t6i hai truc d6i xing ctia hyperbol nén vuong goc véi nhau. Tu (3.15) ta

L b b . R
thay néu k — £— thi ¥/ — +—, nghia la néu mot duong kinh ctia hyperbol dan
a a

t6i mot duong tiém can ctia hyperbol thi duong kinh lién hgp cling quay dan téi
duong tiem can ay.
2 2

Vi du 3.1.5. Cho ellipse Z + ?il = 1. Tim phuong trinh ctia hai duong kinh lién
hgp trong d6 c6 mot dusng di qua diém (4, 2).

Giai.
Vi cac duong kinh ctia ellipse di qua tam, tic 1a goc toa do, nén ching c6 dang
y = kx. Theo gia thiét, ta c6

1
2= dk=k=-.
R

2
He s6 goc ctia duong kinh lien hop dude xac dinh béi dieu kien kk' = ——. Suy ra
a
K = —1. .
Vay, phuong trinh ctia hai duong kinh lién hop can tim 1a y = 5 va y = —.

Duong kinh ctia parabol

Duong kinh lién hgp véi phuong q = (a1, as) clia parabol y? = 2px xac dinh
bdi phuong trinh
yas — pay = 0. (3.16)

) a
Néu gia ctia @ khong song song véi truc Oy, tic 1a a; # 0 thl k = 2 1a he
ai

s6 goc clia dudng thing c6 phuong @. Luc d6, phuong trinh ctia dudng kinh cia
parabol lién hop véi phuong k 1a

yk—p:()hayy:z. (3.17)
Tu (3.17) ta thdy moi duong kinh ctia parabol déu song song hay trung véi truc
Ox. Néu k — oo thi duong kinh lién hop vé6i phuong & Ay dan téi truc Oz. D6 1a
duong kinh vudéng goc v6i day lien hop.
Chi y. D6i véi parabol khong c6 khai niem "hai duong kinh lien hop" nhu do6i
véi ellipse, hyperbol. Dudng kinh lién hgp véi phuong a tuy y ludn song song hodc
trung véi truc cua parabol.
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Hinh 3.8: Duong kinh ctia parabol.

Vi du 3.1.6. Cho parabol P : y?> = —8x. Qua diém A(—1,1), hiy dung mot day
cit P tai hai diém nhan diém A lam trung diém.
Giai.
Phuong trinh dudng thang chita day phai tim c6 dang y — 1 = k(z + 1). Dudng
kinh lien hop theo phuong k phai qua diém A. Phuong trinh ctia dudng kinh cé
p

dang y = =T Do dé, ta c6

4
l=—=kL=—4.
k

Vay, phuong trinh clia duong thang chita day can tim 1d y — 1 = —4(x + 1) hay
dr +y+ 3 =0.
3.1.5 Tiép tuyén ctia ba dudng conic

Dinh nghia 3.1.7. Tiép tuyén ctia dudng conic la dudng thing cit dudng conic
tai hai diém triing nhau.

Trong mit phing Ozy, cho dudng conic xac dinh béi phuong trinh
flz,y) = Az* + By* +2Cx + D =0

va mot diem My(xg,yo) nam trén duong ay. Khi d6, theo dinh nghia, tiép tuyén
clia cia dudng conic da cho tai diém M c6 phuong trinh I3

fe(@o,90) (@ — 20) + fy (w0, Y0)(y — %0) = 0.

Suy ra
) ) r P .
(1) Phuong trinh tiép tuyén cia ellipse £ : o] + e 1 tai diem My(xo,yo) € €
la
T Yoy _

a? b2
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2 2

(2) Phuong trinh tiép tuyén ctia hyperbol H : 22 — 222 = 1 tai diém My (zo,v0) €
1\
ftla Tor Yoy 1
P

(3) Phuong trinh tiép tuyén ctia parabol P : 3? = 2px tai diem My(xg,yo) € P

1a
Yoy = p(x + o).
22 i

Vi du 3.1.8. Cho ellipse T + 9= 1 va duong thang 3z + 2y — 12 = 0. Tim giao
diém ctia hai tiép tuyén xuat phét tit hai giao diém ctia ellipse va duong thang da
cho.

Giai.

Giao diém ctia ellipse va dudng thing da cho c6 toa do théa man he

22 2
T
16+9

3r+ 2y —12 =0.

1R*12
Ta dugc hai nghiém (4,0) va ( )

55
P . 12\ ..
Theo trén, ta c¢6 hai tiép tuyén cua ellipse tai (4,0) va (5, 5) lan lugt co

phuong trinh 1a = 4 va 9z + 16y — 60 = 0.
Giao diem can tim c6 toa do théa méan hé

DO | QLo W~

x =4 N L
9z + 16y — 60 =0 y
N 3
Vay, diém can tim la (4, 2).

Dinh nghia 3.1.9. Gia st M la mot diém nam trén dudng conic. Khi dé, doan
thing tit M dén tieu diém ctia dudng conic dude goi 1a ban kinh qua tiéu cta M.

Ta c6 dinh Ii sau néi lén tinh chat quang hoc ctia ba dudng conic.

Dinh 1i 3.1.10 (Pascal). (i) Tiép tuyén cia ellipse (hyperbol) tao vdi hai ban
kinh qua tiéu cia tiép diém nhing goc bang nhau.

(ii) Tiép tuyén ciia parabol tao vdi ban kinh qua tiéu ciia tiép diém va truc clia
parabol nhiing goéc bang nhau.

Chiing minh. (i) Ta sé chiing minh dinh li dung véi ellipse. Con truong hgp hyper-
bol thi sé dugce chiitng minh hoan toan tuong tu.

Trong hé toa do truc chuan Oxy, cho ellipse € c6 phuong trinh chinh tic
2 2
Y
& o) + e 1

va M (xg,yo) thuoc &, tic la
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Hinh 3.9:

Khi do, ta c6 Fy = (—¢,0), Fy = (¢,0), v6i ¢ = Va? — b2, va

2
MF? = (:1:0+c) +y0 (zo + ¢)? +b2< —)

2
= $(2)+20330—|—02+bz—b2zg:$(2)+20330—|—a2 I
2

b2
= (1 2) 22+ 2cxg + a* = %x%+20m0—|—a2
a a

c 2
= (*l’o —|—a> .
a
c c ) c
Vizyg> —anén —xg > —c > —a hay —xg+a > 0. Do d6, MF; = —x¢ + a.
a a a
c . . )
Twong tu, thay ¢ béi —c ta duge M Fy = ——x9 + a. Tiép tuyen cta £ tai diem
a
X
M nhan vecto « = (— ——) lam vecto chi phuong, xem Hinh 3.9.
a?

b2’
Dinh i sé dugc chitng minh néu ta chiing minh dugc

@ ME| _ @ MF|
IME| (]| ME

hay

@ -MF| |7 MP)
SR - o (3.18)

Dang thiic (3.18) hoan toan chiing minh dugce bang cach tinh toan truc tiép. Do
vay, (i) da duge ching minh.

(ii) Trong hé toa do truc chuan Ozy, xét parabol P c6 phuong trinh y? = 2px
va diém My (g, yo) thuoc 73 Ta sé Chu’ng minh tiép tuyén d tai My ctia parabol P
cat truc Ox tai M; thi FM1M0 FMoMl, xem Hinh 3.10.
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Y

/ O\ Flp/2.0)

Hinh 3.10:

Ta c6 tieu diém F cia P c6 F(p/2,0) va FMy = ‘xo + g‘ Duong thang d c6
phuong trinh
d : yyo = p(x + xo).
Toa do clia diém M; la nghiém ctia hé phuong trinh

yyo = p(x + x0) o 1T =%
y=20 y=20

Suy ra M;(—x¢,0). Do do, M F = ‘xo + 229‘ = MyF. Suy ra tam giac F'MyM; can
tai F. Vay, FM, My = FMyM,. 0

Ngudi ta tng dung tinh chat nay clia parabol dé tao nén cic den pha can chiéu
sang xa, nhu dén pha 6t6. Dén pha gom c6 mot guong trang bac hinh paraboloid
tron xoay, xem Hinh 3.11. Néu dit béng den tai tieu diém ctia parabol, thi thiét
dien b6 doc theo truc déi xting ctia den pha thi cac tia sang phan xa song song véi
truc ciia den pha. Do d6, cac den pha chiéu sang xa hon.

3.1.6 Pudng chuan cta ba dudng conic

Trong dinh nghia ctia parabol, ta da biét duong chuan ctia parabol 14 mot duong
thang sao cho khoang cach tit mot diem M tiuy § trén parabol dén duong thang
ay bang khoang cach tit diem M dén tiéu diem ctia parabol.

Dinh nghia 3.1.11. Dudng chuan cta ellipse (hyperbol) ting véi tieu diém Fj,i =

1,2, 1a duong thang A;,i = 1,2, vuong goc véi truc doi xtng chita hai tieu diém,

nam ciing mot phia véi tieu dlem F; ddi véi truc doéi xing kia va cidch tam cla
c

ellipse (hyperbol) mot khoéang bang g, véi e = —.
e a

Theo trén, cac dudng conic déu cé ticu diém F va dudng chuan A tuong tng
v6i tieu diem do6. Ta co6 dinh nghia sau day phat bieu chung cho ba duong conic.
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Hinh 3.11: Guong trang bac dung trong cac den pha.

Dinh nghia 3.1.12. Duong conic la quy tich cac diém M sao cho ti s6 khoang
cach tit M dén tieu diém F va khodng cach tit M dén duong chuan A tuong ng
1a mot hang s6 e > 0 khong doi. S6 e duge goi 1a tam sai ctia dudng conic.

e ¢ < 1: duong ellipse.
e ¢ = 1: duong parabol.
e ¢ > 1: duong hyperbol.

Lay hé toa do truc chuan cé gbc toa do F, c6 truc hoanh vuong géc véi dudsng
chuan A. Dit khodng cach tit F dén A 1a FH = p. Khi d6, dudng thang A c6
phuong trinh = = p. Vé6i diem M(z,y), ta c6 MF = /22 + 42 va khoang cach tit
M t61 A la

MK :=d(M;A) = |z — p|.

Néu M thuoc dudng conic thi

Nhan xét 3.1.13. (1) Duong chuan ctia méi dudng conic khong cit né.

(2) Ngudi ta khong néi dén dudng chuan ctia duong tron, vi hai tieu diém ciia
duong tron tring v6i tam ctia né nén truc chita tieu diém khong xac dinh. Vi tam
sai e cua duong tron bang 0 nén c6 khi ngusi ta noéi duong chuan ctia ducng tron
G xa vO tan.
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3.2 Duong bac hai trong miat phang v4i muc tiéu
affine

3.2.1 Khai niém

Dinh nghia 3.2.1. Trong mat phang v6i muc tiéu affine Ozy, tap hop (C) céc
diém ma toa do ctia ching théa man phuong trinh bac hai

flz,y) = a1z’ + 2a127y + a22y2 + 2a1x + 2a2y + ap = 0,

trong d6 ai1, aja, aze khong dong thoi bang 0, dude goi 1a mot duong bac hai.
Ta cting néi: duong bac hai (C) c¢é phuong trinh f(z,y) = 0.

Vi du 3.2.2. Dudng bac hai c6 phuong trinh 22 + % 4+ 1 = 0 1a tap réng. Duong
bac hai c6 phuong trinh zy = 0 14 hai dudng thang z = 0 va y = 0.

Dinh nghia 3.2.3. Hai duong bac hai dudc goi 1a trung nhau néu cac phuong
trinh ctia ching (trong cling mot muc tiéu affine) cé hé sé tuong iung ti lé.

Vi du 3.2.4. Duong bac hai (C) ¢6 phuong trinh 22 + y? = 0 vi dudng bac hai
(C") ¢6 phuong trinh 22 + 2y = 0 déu gom chi mot diem duy nhat O(0,0), nhung
ching 13 khong trung nhau vi céc hé s6 tuong tng khong ti 1é. Néu xét trong mét
phang phiic, thi phuong trinh ctia (C) ¢6 thé viét 1a (x —iy)(z +iy) = 0, do d6 (O)
la tap hop gom hai dudng thang (40) z — iy = 0 vi o+ iy = 0; trong khi d6 (C’) 1a
tap hop gom hai duong thing (40) c6 phuong trinh o — v/2iy = 0 v z + /2iy = 0,
& day 4 la don vi 4o véi i = —1.

3.2.2 Phuong trinh chinh tic ctia dudng bac hai

Gia sit d6i v6i muc tieu affine Ozy, dudng bac hai (C') ¢6 phuong trinh

a112? 4 2a190y + asey® + 201z + 2a0y + ag = 0. (3.19)
Ta sé& tim mot muc tiéu mdi sao cho d6i véi muc tiéu dé phuong trinh cia (C) don
gian hon (khong c6 s6 hang chia zy).
Truong hop 1. Mot trong hai s6 a1 v& ase khéc khong, chang han ai; # 0.
Khi do, ta co

2 9 | 5012 aiz \2 a3y o

anx” + 2a122y = aiy (:E + 2:]63/) = ai (:E + y) - =y,
ail a

suy ra doi muc tieu Ozy thanh Oz'y’ theo cong thiic

a12
=+ —y
ar

Yy =y

thi ddi véi muc tieu Oz'y’ phuong trinh ctia (C) sé khong c6 s6 hang chita 2'y/.
Truong hop 2. CA hai s6 a1; va ajp déu bang khong. Khi d6, ajp # 0 va
phuong trinh (3.19) tré thanh

2a190y + 2012 + 2a0y 4+ ag = 0.



3.2 Duong bac hai trong mit phang véi muc tiéu affine 99

Qua phép doi muc tieu Ozy thanh muc tieu Ox'y’ theo cong thiic
{:): =2 +y
y = 2 — y/
thi phuong trinh cia (C') trong muc tieu Oz’y’ tré thanh
2a),2" — 2419y + 2(a1 + a2)z’ + 2(a1 — a2)y’ + ag = 0.

Va phuong trinh nay cling khong c¢6 sé hang chia z'y/.
Vay, ta luon c6 thé chon duge mot muc tieu Ozy sao cho phuong trinh ctia (C)
khong c6 chiia s6 hang chit nhat zy. Do d6, gid sit phuong trinh ctia (C') ¢6 dang

a11z? + asy® + 201z + 2asy + ag = 0. (3.20)

Ta xét cac truong hop sau day i
(a) ai; # 0 va agy # 0. Khi d6, ¢6 the viét (3.20) thanh

a a
al (CL’2 + 2130) + ag9 <y2 + 22y> +ag =10
a1l 22
ha
' aq 2 a9 2 a% CL%
a11<:c+) +a22<y+) +ayg— — ——==0.
ai 22 a1 22
D6i muc tieu Oxy thanh O’2’y’ theo cong thiic

a
o =1+ —
an
a
v =y+—
22
thi phuong trinh cta (C') tré thanh
anx’? + axpy? = ag, (3.21)
2 2
a a
trong d6 a) = — + —= — a.
aix a2
Z . . Z o a a 2
(i) Néu aj # 0, chia hai vé ctia (3.21) cho af, ta dugc #:L’IQ + %y’Q = 1. Doi
ap Qg
muc tieu O'z’y’ thanh O’ XY véi
a
X = /|2
g
a
Y = =2y
o

thi phuong trinh ciia (C') trong muc tieu O’ XY ¢6 mot trong cac dang
(I) X*+Y?=1,
(II) X*4Y?*=-1,
(II1I) X?—-Y*=1hoac — X*+Y?*=1.
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(i)

(iii)

Duong bac hai (C') ¢6 phuong trinh (1) duge goi la ellipse.
Duong bac hai (C') ¢6 phuong trinh (17) duge goi la ellipse do.
Duong bac hai (C) c¢6 phuong trinh (I11) duge goi la hyperbol.

Néu af = 0, v& a1y trai dau v6i ag < 0, c6 thé xem a;; > 0 v ax < 0. Doi
muc tieu O'z’y’ thanh O’ XY véi

Y = v/ =amy

thi phuong trinh cia (C') trong muc tieu O’ XY c¢6 dang

{X = CL11$C/

(IV) X?-Y?=0.

Do d6, duong bac hai (C) 1a cdp duong thang thic cdit nhau X +Y = 0 va
X-Y =0.

Néu af, = 0, va aj; cuing dau véi age, 6 thé gid sit cing dau duong. D6i muc
tieu O'z’y’ thanh O’ XY véi

X = CL11Z13/
Y = Jaxy'

thi phuong trinh ctia (C') trong muc tieu O’ XY c¢6 dang
(V) X*+Y?=0.

Do d6, dudng bac hai (C) 1a cdp duong thing do cdt nhau tai diém thue (0,0).
Tuy nhién, c¢6 thé xem (C) 1a hai dudng thang do lién hgp c6 phuong trinh
X +4iY =0 va X — Y = 0 néu xét mat phang c6 chita nhitng diém co6 toa
do phuec.

(b) Mot trong hai s6 a1 v& ag bang khong. Khong mat tinh tdng quat, gia si
aiy # 0 va agy = 0. Khi d6, phuong trinh (3.20) dugc viét thanh

2 2
a a
an(x+1> —|—2a2y+a0——1:0.
ail a1

D&i muc tieu Oxy thanh O'z'y’ theo cong thiic

a1
=+ —
aii

y =y

thi phuong trinh cta (C') tré thanh

anx’? + 2a2y’ + a), = 0, 3.22
0

trong d6 af = ag — —.
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(i)

(iii)

Néu ap # 0, c6 thé gid sit a;; > 0 (vi néu a;; < 0, nhan hai vé ctia phuong
trinh (3.22) v6i —1). D6i muc tieu O’z’y’ thanh O” XY véi

X = anx’
a/
Y = —asy — ?0
thi phuong trinh ctia (C') trong muc tieu O” XY ¢6 dang
(VI) X?=2Y.
Duong bac hai (C) 1a parabol.

Néu ay = 0, va af, # 0, chia hai vé cia phuong trinh (3.22) cho a ta duge

Eac/Q—Fl:O.

ag
D6i muc tieu O'z'y’ thanh O’ XY véi

aii

g

/

X =

Y =9
thi phuong trinh ctia (C') trong muc tieu O’ XY ¢6 mot trong cac dang

(VII) X*—-1=0,
(VIII) X*+1=0.

Duong bac hai (C) c6 phuong trinh (VII) 1a cap dudng thang thuc song song.
Dudng bac hai (C) c6 phuong trinh (VIII) 1a cdp dudng thang do song song.

Néu age = ajy = 0, gid st aj; > 0, doi muc tieu O’2’y’ thanh O’ XY véi

X = aH:I:’
Y=y

thi phuong trinh ctia (C') trong muc tieu O’ XY c¢6 dang
(IX) X*=0.

Dudng bac hai (C) ¢6 phuong trinh (IX) 1a cgp duong thang thuc trung nhau.

Tém lai, bing cach chon mot muc tiéu affine thich hop, ta c6 thé dua phuong
trinh clia mot duong bac hai vé mot trong chin dang phuong trinh & trén, goi la
cac dang phuong trinh chinh tic cia duong bac hai. Hon nita, c6 thé chitng minh
dugc rang moi duong bac hai c6 mot va chi mot dang phuong trinh chinh tac. Duéi
day 1a cac dang phuong trinh chinh tic ciia duong bac hai.

(1
(1)

2?2 +y? =1 (ellipse),

2?4+ y* = —1 (ellipse 40),
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(ITIT) 22 —y?> =1 (hyperbol),
(IV) 22 +y?> =0 (cap dudng thang 4o cit nhau),
(V) 22 —9?> =0 (cap duong thang thiyc cit nhau),
(VI) 2> =2y (parabol),
(VII) 22 (cap duong thang thiic song song),
(VIII) 22 = —1 (cap dudng thang 4o song song),

X) 22 =0 (cap dudng thang thyc tring nhau).

(1

Vi du 3.2.5. Trong mit phang Ozy, hay tim phuong trinh chinh tic ctia cac
duong bac hai dudi day va xac dinh xem ching la duong gi?
(a) (O) : 2? — 2zy + 2y + 22 — 4y = 0; (b) (C") : xy — 2z + 2y — 8 = 0.
Giai.
(a) Ta c6
2t — 2y 4+ +2x —4y=0
& 22 —2ay+ 9+t +2r—4y=0
s (r—y) +y*+22 —4y =0.

Daéi muc tieu Oxy sang Oz'y’ theo cong thiic

¥r=z—-y
¥ =y,

ta duge (C) : 2? +y? +2(2' +¢') — 4y’ = 0 hay (O) : 2 + 92 + 22" — 2y = 0.

) :
Ta lai ¢6

/2+y/2+2$/_2y/20
& @+ + D)+ WP -2/ +1)—2=0
& (@ +1)2P+ (W -1)2-2=0.

Doi muc tieu Oz'y’ sang O'2"y" theo cong thic

{x//le—f—l ;

y' =y -1,
x//Q 2y//2
ta duge (C) : 2" + y"* — 2 = 0 hay (O) : 5 Tt = = 1. D6i muc tieu O'z"y"
sang O’ XY theo cong thic
l,L,//
x="2
V2
y//
y =2

\/§7

ta dugc phuong trinh chinh tic ciia (C) 1a X2 +Y?2 = 1. Vay, (C) 1a mot ellipse.

4Trong cong thitc ddi muc tiéu nay, khong chita sé hang tu do nén gbc muc tieu O khong thay doi.
>Trong cong thitc déi muc tiéu nay, cé chita s6 hang tit do nén goc muc tieu O déi thanh O'.



