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(161 thiéu

Quyén sach Hinh hoc gidi tich nay duge viét cho nhitng sinh vien da dugce hoc
mot it vé hinh hoc & bac pho thong va dai s6 tuyén tinh & bac dai hoc. Hon nita,
day cling 1a mot tai lieu tham khéao t6t cho nhitng hoc sinh phd thong muén tim
hiéu sau them vé hinh hoc giai tich. Trong quyén sach nay, ching toi da hé théng
héa va khai quat hoa céc kién thitc hinh hoc giai tich  THPT va bo sung nhitng
kién thitc méi gitip cho ngudi doc thay rang c6 thé nghien citu hinh hoc bang nhiéu
phuong phap khac nhau nhu phuong phap vecto, phuong phép toa do,.... Phan
16n céc tinh chat déu dugce ching minh chit ché, c6 thé tim thay trong cac tai lieu
tham khéo, trit nhitng chitng minh dé dang nhan dugc sé danh cho ban doc va
xem nhu bai tap. Céac tinh chat v khai niém ctia ting déi tuong sé dude xét trong
nhitng muc tiéu (hé toa do) phit hgp (affine hay tric chuan). Dong thoi, nhidu vi
du dugc trinh bay chi tiét gitp cho viéc tim hiéu li thuyét tét hon. Noi dung clia
quyén sach dudgc chia lam bon chuong.

Chuong 1. Vecto va toa do. Trong chuong nay, khai niém vecto va cac phép
toan vecto dugc trinh bay ki. Bén canh d6, khai niém hé vecto phu thudc tuyén
tinh, doc lap tuyén tinh, tam ti cu va tich hén hgp ciing dude bo sung. Vé phuong
phép toa do, muc tiéu affine (hé toa do xién), hé toa do truc chuan trong mit
phang va trong khong gian dugc trinh bay ki, chit ché vé co s6 v6i mong mubn
gitip ngudi doc c6 cai nhin thau dau vé nén tang ctia hinh hoc. Va qua do, cé thé
tim hiéu vé cac hinh hoc khac t6t hon, Chéng han hinh hoc affine, hinh hoc Euclide.

O cubi chuong, toa do cue, toa do tru va toa do cau ciing dude gidi thieu so luge
dé gitp ngusi doc thay ring ton tai nhiéu hé tao do khac va buée dau lam quen
v0i ¢o sG cho cac mon hoc Toan khéc.

Chuong 2. Duong thang-Mit phang. Khai niém va tinh chat ctia duong
thing trong mat phang va trong khong gian déu dugce he théng hoa day di, cing
v6i khéi niem va tinh chat ctia mat phang trong khong gian. Bén canh dé, ching
to6i con bo sung vao phan nita mit phang va nita khong gian, cting mot sé vi du
minh hoa viéc ap dung phuong phép toa do dé giai bai toan hinh hoc.

Chuong 3. Dudng bac hai. Ba dusng conic (ellipse, hyperbol va parabol)
1a déi tuong quen thuoc duge gidi thieu trude tién nham gitp ngudi doc dé tiép
can véi doi tuong chinh ctia chuong nay la dudng bac hai tong quéat va mot s6 chi
deé lien quan nhu tam, phuong tiém can, .... Dong thoi, cac dau hieu dé nhan biét
duong bac hai nho cac bat bién ctia da thiic bac hai duge trinh bay chi tiét va day
di. Day c6 thé xem la mot noi dung diic biet thid vi trong chuong nay.

Chuong 4. Mat bac hai. Mat tron xoay, mat tron xoay bac hai va mat bac
hai 13 nhiing déi tuong duce xét dén dau tien trude khi tiép can véi mit bac hai
tong quat va mot s6 chi dé lien quan nhu tam, giao ciia mit bac hai va mit
phang, ... ctia mit bac hai. Va céac tinh chat ctia hai mat ké bac hai dac biet, do
1a hyperboloid mot tang va paraboloid hyperbolic (hay mét yén ngua), ciing duge
trinh bay kha day du va chi tiét. Bén canh d6, cdc hinh &nh minh hoa cho cac cong
trinh xay dung trong thiyc té mo phéng theo mot s6 mat bac hai dac biét ciing
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duge trinh bay nham gitp ngudi doc thay duge toan hoc khong phai 1a cac gi d6
xa roi thuc té.

Viéc ndm vitng mot s6 kién thitc co ban vé khong gian vecto nhu co sé va toa
do clia vecto, va dang toan phuong trong Dai s6 tuyén tinh 1a can thiét dé tiép can

noi dung cia quyén sach nay mot cach thuan loi. O cubi méi chuong deu c6 phan
bai tap phong pht dé thuc hanh va cling ¢ nhlmg noi dung i thuyet duoc trinh
bay trudc d6. Lam cang nhicu bai tap cang t6t cho viec tim hiéu va nim viing
nhing kién thtc lien quan, nhat 14 doi v6i viec hoc Toan hoc. Cé thé néi quyen
sach nay 1a két qua ctia viéc tong hgp va chon loc nhitng phan wu diém ciia cac tai
lieu tham khao.

Viéc tom tat 1i thuyét cho mdi chuong sau khi hoc 1a rat can thiét va tha vi.
Vi vay, viec d6 duge danh cho ngudi doc. Hy vong rang quyén sach nay sé gitp ich
cho sinh vien nganh Toan va cé thé dung lam tai lieu tham khao cho céc ban dong
nghiép. Va ching toi xin cdm on cac ban dong nghiép da nhiét tinh dong gép ¥
kién dé quyén sach duge hoan thién hon. Rat mong nhan duge nhitng ¥ kién dong
g6p quy bau dé quyén sich duge t6t hon nita.

Binh Duong, thang 11 nam 2015
Tac gia



Chuong 1

VECTO VA TOA DO

1.1 Khai niém vecto. Cac phép toan déi véi vecto

1.1.1 Khai niém vecto

Dinh nghia 1.1.1. Trong mat phang hodc trong khong gian, cho hai diém A va
B. Doan? thang AB dudc sip Ehfr tu hai diém mf}t du’\cjc goiq 1a mot vecto hay mot
doan thang co hudng. Mot diem duge goi la diém dau, diem con lai duge goi la
diém cuoi. Duong thing (AB) duge goi la gid ciia vecto AB.

Néu A 1a diem dau, B la diém cudi thi vecto duge ki hiéu 1a AB. Vectd con ¢6
thé ki hicu 1 @, B, T 7 s o

Po dai ciia doan thing AB dude goi la do dai hay module ciia AB va ki hieu
do dai ctia AB |1@| Suy ra hai vecto AB va BA ¢6 do dai bang nhau.

Dinh nghia 1.1.2. Hai vecto 1@ va @ dugce goi la hai vecto cung phuong hay
cong tinh néu cac dusng thang AB va CD song song hoic trung nhau.

Hai vecto cung phuong 1@ va @ dudc goi 1a cung hudng néu xdy ra mot trong
hai truong hop sau day (xem Hinh 1.1):

(i) Néu hai duong thang AB va C'D song song va hai diém B vad D nam cling
phia déi v6i dudng thang AC.

(i) Néu hai duong thang AB va C'D tring nhau va mot trong hai tia AB (gbc
A) va tia CD (gbc C) chia tia kia.

h
fov
Q
(S

Hinh 1.1: Hai vecto cung huéng.
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Hai vecto cung phuong ma khong cung huéng thi duge goi la hai vecto ngugce
hudng.

Dinh nghia 1.1.3. Hai vecto d va Z) duge goi 1a bang nhau, ki hiéu qd = ?,
néu chung c6 cung hu’dnéva cung do dal

Vecto déi clia vecto @, ki hieu — ', 1a vecto ngugc huéng véi d va o do dai
bang vdi do dai cia a.

Dac biét, vecto co dlem dau va diém cudi triing nhau nhu: AA M M,... dugc

goi la vecto-khong, ki hiéu O Do dai ctia vecto-khong bang 0.
Quy uée: vecto-khong cung phuong va cuing huéng v6i moi vecto. T do suy ra
moi vecto-khong déu bang nhau.

1.1.2 Cac phép toan déi véi vecto
Cong va trur vecto

Pinh nghia 1.1.4. Tong cta hai vecto a VA b la mot Vectd du’dc xac dinh nhu
sau: tit mot diem O tiy ¥ trong khong gian, dung vecto OA , 101 tit A dung
vecto f@ ? (xem Hinh 1.2). Vecto @ = OB duge goi 1a vecto tong clia hai
vecto @ va b Ki hicu @ = @ + ?

Tuong tu, ta c6 thé dinh nghia tong clia n vecto a_1>, @, ey a_n>.

A

C=a+0
Hinh 1.2: Cong vecto.
Tt dinh nghia suy ra phép cong vecto c6 cac tinh chat sau.

Ménh dé 1.1.5. (4) Gmo hoan a + b T +d

(zz)Kethap.(a+b) (b + 7).
(iii) C6 vecto khong + O = E_i
(iv) C6 vecto déi: @ + (—a) = 0.

— —
Chitng minh. (i) Dat OA = @, AB = b va BC = @ xem Hinh 1.3. Khi do,
OACB la hinh binh hanh va theo dinh nghia tong ctia hai vecto, ta c
_>

@+ =0A+AB = 0B,

%

b+ =AB+ BC = AC

—T+b=b+7.

Chitng minh clia cac phan (ii), (iii), (iv) 1a hoan toan tuong tu véi chiing minh
trén. ]
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A c

NS

Hinh 1.3:

» —
Nhan xét 1.1.6. Vecto téng @ + b 1a vecto dudng chéo ctia hinh binh hanh nen
ngudi ta con néi phép cong hai vecto thie hién theo quy tac hinh binh hanh. Dinh
nghia phép cong hai vecto nhu vay phit hgp véi quy tac hop hai lyc dong qui trong
co hoc.

— —
Dinh nghia 1.1.7. Hiéu cta hai vecto @ va b, kihieu @ — b, 1a mot vecto 7
_> — N . S o1s N N .z — _>
ssocho b + 7 =4. Ngudi ta goi vecto ¥ la vecto hiéu va viet T=7d-b.

Nhan mét sé6 véi mét vecto

Dinh nghia 1.1.8. Tich ctia mot s6 k véi mot vecto @ 1a mot vecto, ki hieu k@,
c6 do dai bing |k|.|d|, cing hudng véi vecto @ néu k > 0, nguge huéng véi @
néu k < 0 (xem Hinh 1.4).

T =ka (k> 0) v

k@ (k< 0)
Hinh 1.4: Nhan mot s véi vecto.

Phép nhan mot s6 v6i mot vectd c6 cac tinh chat co ban sau day. Cac chiing
minh dugc xem nhu bai tap.

N — p
Meénh de 1.1.9. Vdi moi vecto d, b va moi s6 thuc k, tuy 9, ta co

(i) (-1).d = - .

(iii) k(Id) = (k).

(i) k(T + B)=k@ +kb.
(W) (k+0)d =kd +17d.

Khai niém vecto va cac phép toan doi véi vecto duge dinh nghia nhu trong muc
nay sé lam cho mat phang v khong gian tré thanh mot khong gian vecto triru
tuong theo nghia Dai s6 tuyén tinh. Tuy nhién, do muc tiéu ctia chting toi 1a mudn
c6 mot tai lieu tham khao phit hop véi ca ngudi doc 1a hoc sinh pho thong nén cac
khai niém va phép toan dudc trinh bay mot cach so cap.



10 Chuong 1. VECTO VA TOA bO

1.1.3 Heé vectd phu thudc tuyén tinh, doc lap tuyén tinh

Dinh nghia 1.1.10. Cho m vecto ai, @3, ..., @y, vam s6 ki, ks, ..., k. Vecto kyaf +
k2a_2> + ...+ kma—>m dugc goi la mot to hop tuyén tinh clia cac vecto a_1>, a_%, I~ a—>m vOi
cac he 0 ki, ko, ..., k.

Cac vecto ai, @3, ...,an ducc goi 1a phu thudc tuyén tinh néu ton tai cac sb
ki, ks, ..., ky khong dong thoi bang khong sao cho

%
kyai + ke@y + ... + kpa,, = 0.
Ngugc lai, cac vecto a_1>, a_%, e cﬂ dugce goi 1a doc lap tuyén tinh.!

Duéi day 1a mot s6 két qua ve su phu thuodc tuyén tinh, doc lap tuyén tinh clia
hé vecto.

Dinh 1i 1.1.11. Hé cac vecto a_1>,a_2>, ...,a_>m, m > 1, phu thuoc tuyén tinh khi va
chi khi c6 it nhit mot trong cdc vecto Gy la mot to hop tuyén tinh cia cic vecto
con laa.

Chiing minh. = / Gi& st m vecto ai,as, ..., a, phu thuoc tuyén tinh. Khi do, c6
m s0 ki, ka, ..., k;, khong dong thoi bang khong sao cho

%
kla_1>+k2a_2>+...+kzmcfn>: 0.
Khong mat tinh tong quat, gia st k; # 0. Suy ra

ko k
af = ——a3 — .. — "ay,

k1 k1

hay a@f 1a t6 hop tuyén tinh cta @3, ..., an,.

< / Khong mét tinh téng quét, gia sit @, 1a t6 hop tuyén tinh cla céc vecto

ai, ..., am_t. Khi dé, c6 m — 1 86 21, 2, ..., Zm_1 sao cho

— — — —
Ay = L1071 + T2 + *** + Tyy—1Gm—1-

., P — = N . N
Do do, ta co 331(I_1> + 352(1_5 4+t T 1m—1 — m = 0. Vay cac vecto a—f, a_%, ... Va
an phu thuoc tuyén tinh. o

Tt dinh 1f 1.1.11 hé qua tryce tiép sau day.

Hé qua 1.1.12. (i) Diéu kién can va di dé hai vectd phu thudc tuyén tinh la ching
cung phuong.

(ii) Hé hai vecto doc lap tuyén tinh khi ching khong cing phuong.

(iii) Néu hé vecto chiia vecto-khong thi hé phu thudc tuyén tinh.

Dinh 1i 1.1.13. (i) Ba vecto phu thudc tuyén tinh khi va chi khi ching dong phang’.
(ii) Bon vecta bat ki trong khong gian R® déu phu thudc tuyén tinh.

Z 2 —
'He vecto ai,as, ..., a,, doc lap tuyén tinh khi va chi khi néu kyaj + k2a3 + - + kman, = 0 thi
ky =ky=...=ky, =0.
2Cuing thuoc mot mat phing.
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Chiing minh. (i) Gia sit ba vecto @ b va @ phu thuodc tuyen tlnh Khi do, c6 ba

sO x,y, 2 khong dong thoi bang khong sao cho v d + Y b +27 O . Khong mat

a =2 b — —7 Do do, o cung thudéc mat

vy
phéng chia hai vecto b Va . Hay ba vecto a, b vl dong phang.

tinh tong quat, gia st x 7é 0. Suy ra

Ngugc lai, gia sit a, b va Kl dong phéng. Khl d6, néu @ va b phu thuoc
tuyen tinh, tlIC la ¢6 hal s6 z,y trong R khong dong thoi bang khong sao cho

— =’ — —
vd +yb = O thi z°d +yb +07 = 0. Do d6, , bva?phuthuoctuyen
tinh.
Néu @ va b doc lap tuyén _t}mh thi do tinh dong phang nén Vecto c co tlia

bieu thi tuygl tinh qua_)ﬂ> va b, tic la c6 z,y trong R sao cho @ =z4d +yb
hayxa +yb— = 0.

(

i) Xét he bon vecto trong khong gian a, b 7 va j Néu trong bon vecto

—-

K4

|
i

>‘m o

, Va 7 c6 chita vecto-khong thi dinh 11 dung, xem Hé qua 1.1.12.
ia b @ va 7 déu khac vecto-khong. Khi do,

Neu trong bon vecto trén c¢6 hé ba vecto phu thuodc tuyén tinh, ching han

’

*0

K4

o

va ¢ phu thuoc tuyen tinh, thi co ba s6 x y, z tr(glg R khong dong thoi
bangkhongsaocho:(:a +yb +27 = 0 Do d6, z°d +yb —|—zc +0 OVO]

%
z,y,z khong dong thoi bang khong. Vay, hé bon vecto a, 0,7 v 7 phu thudc
tuyen tinh.
* Xét truong hop trong bon vecto trén c6 hé ba vecto doc lap tuyén tinh, ching

— =
han , b va ¢. Khi do, lay mot diém O va dat cac vecto @, b ,7 va tal

Xem Hinh 1.5). Suy ra c¢6 bén diem A, B,C, D xac dinh sao cho OA =

O? = b 07>' < \g @
Do ba vects @, b, khac O va khong dong phang nén dlmg duge mot
hinh hdp c6 duong Cheo 12 OD, va ba canh co s nam trén cac duong thang

(OA),(OB),(0C). Theo tinh chét ciia hinh hop, ta co6

Y

OD = OD; + OD; + ODs.
Do O—Dl> va d cling phuong nén
T&zxﬁzx?v@ixeR\{O}.
Tuong tu, ¢6 y,z € R\ {0} sao cho
ODy = yOB =y,
OD; = =0C = =72
Suy ra O?:xO—zzl—FyO?%—zO? hay
v@ 4yl 427 —d =
Vay, he vecto @, ?, 2 d phu thuoc tuyén tinh. O
Dinh 1i 1.1.14. Cho hai vecto al va @ khong cung phuong. Bat ki mot vecto a
nao dong phing vdi al va @ cting c6 thé khai trién theo cdc vecto dy, tic la
T = xai + yas,

va su khai trién dy la duy nhat.
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Hinh 1.5: Phan tich vecto.

C’lnmg minh. Ton tai. Do ba vecto ai, a3 va @ dong phang nén chung phu thuodc
tuyen tinh, xem Dinh Ii 1.1.13. Va theo gia thiét af va a3 doc lap tuyén tinh nén
co T1, 11 thuoc R sao cho @ = xla_f + yla_%, xem Dinh 1i 1.1.11.

Duy nhat. Gia st ¢6 2,9 trong R sao cho @ = 33261_1> + yga_%. Khi do, ta co

_>
0 :7—7=(I1—$2)a_1>+(y1—y2)a_2>.

Lai do gia thiét af va a3 doc lap tuyén tinh nen suy ra

T =z
025131—5(32:y1—y2<:>{ 1_ ?
Y1 = Ya.

]

Dinh 1i 1.1.15. Trong khong gian R3, cho ba vecto al, a3 va a3 khong dong phang
Bat ki mot vecto @ mao trong khong gian cing cé thé khai trién theo cdc vecto ay,
tic la

@ = waf +yas + zaj,

va s khai trién ay la duy nhat.
Ching minh. Ching minh tuong tu nhu chitng minh ctia Dinh 11 1.1.14. O

1.1.4 Chiéu vecto

Dinh nghla 1.1.16. Cho hal vecto @ va b déu khac 0. T O ta ve OA

va O? b Khi do, goc AOB dugce goi 1a goc hop boi hai vecto d va b ki hleu
(7, b). Néu mot trong hai vecto 1a ﬁ thi goc gitta ching xem bang bao nhiéu
ciing dugc.

_>
0° < (d, b) < 180°,

Y

— —
(7 b) = 90° thi ta néi hai vecto @ va b truc giao (hay vuong goc), ki

N o
1l b.

hiéu

L2
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Dinh nghia 1.1.17. Mot duong thing trén dé da chon mot vecto don vi® dudc
goi la mot truc. Huéng ctia vects don vi dudce goi la hudng cia truc.

Dinh ngh'l'a 1.1.18. Cho truc A c¢6 Vectd don vi € va vecto @ khéc vecto- khéng

_>
Géc gitta @ va truc A 1a goc gitta vecto @ va vectd b cling phuong véi vects €
sao cho 00 < (@, b) < 90°.

Cho m@t truc A véi € la vecto don vi, mot mat phéng P khong song song véi

A vamot @ = 1@ tly y trong khong gian. Qua Ava B du’ng cac mit phang song
song véi P cit A & Ay va By. Céc diém A; va By dude goi la cac diém chiéu cia

ooy
cac diem A va B (tuong tng) trén A theo phuong P. Vects A B) dudc goi 1 vecto
chiéu (hay hinh chiéu) Cua ﬁ tréen A theo phuong P. Ki hiéu priy 1@

Kh1 do, ta c6 A1B1 =p e ,p>0néu A; By va e ctiing huéng; p < 0 néu A 181

va @ ngugc hu’dng S6 p dude goi 1a do dai hinh chiéu clia vecto ﬁ trén truc A
theo phuong P va ki hiéu

%
p=|prh AB| hay p=|prh @1,

Ngudi ta con goi p 1a do dai dai s6 cia A;B; va ki hieu p = A B;.

Duéi day 14 mot s6 tinh chat co ban ctia phép chiéu vecto ma chiing minh khong
duge trinh bay ¢ day va c6 theé tim thay trong [?].
Meénh dé 1.1.19. (i) Cdc vecto bang nhau cé hinh chiéu (trén cung mot truc, theo
cting mot phuong) bang nhau, tic la

%
=b :>pr£5>:pr£

_>
@ b
(ii) Hinh chiéu ciia vecto tong bing tong cic hinh chiéu cia cdc vecto thanh
phan, nghia la . .
prh(d + b)) =prh @ +prk b
Ménh dé sau day chi ding trong trudng hgp méit phing P vuong goc véi A
(phép chiéu vuong goc).

Meénh dé 1.1.20. Do dai ctia hinh chiéu ctiia mot vecto trén mot truc bang do dai
cta vecto nhan vdi cosin cua goc giiia truc va vecto.
1.1.5 Tich v6 huéng cta hai vecto

Dinh gghla 1.1.21. Cho hai vects @ Va b bat kl) Tich vo6 hudng cta hai vecto
@ va b, ki hieu @ - b 1a 86 thuyc \_>H b|cos(d, b).

Tt dinh nghia suy ra hai vecto truc giao véi nhau khi va chi khi tich vo huéng
clia ching bing 0. Va @2 = |7|2. Dudi day 1a mot s6 tinh chat co ban da biét cia

tich vo huéng.

3Vecto c6 do dai bing 1.
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Meénh dé 1.1.22. Cho ba vec 07, b 7 bat ki va cdc so thue k,l tuy 4. Ta co
- =
(i) Giao hoan b=1b-d.
(m)(k:a) b—k:( b).

%
(iii) Phan phéi vdi phép cong vecto: @ - ( T +d)=d-b+7d- 7.

Chiing minh. (i) Theo dinh nghia ctia géc gitta hai vecto, ta c¢6 (@,
Do do,

@0 =@V |cos(@, b)) = |b|[@|cos(b, @)= b - .
(i) Ta co
(k@) b = |k@|| 5| cos(k T, b) = || @|| 5| cos(kT, b).

K| @ D cos(k @ ?> = K| @)D | cos(k @, b)) = k| 7|

o o
* Néu k < 0, thi £@ nguge hudng véi @. Do d6, (kd’, b)=n—(d, b). Suy
ra

) —
* Néu k > 0, thi k'@ cing hu’dng véi @. Do do, (kﬂ> b) = a
| s )

K@ 5| cos(k @, B) = —k|@|[5|cos(kd, b)
- _mmm(ﬁ;@,m
= k||| b]|cos(d, b).

_>

- b).

— e =

(i) Xet @, B va @ la ba veeto tiy & Dat @ = OA, ¥ = OB, @ = OC,
va diém E 1a hinh chiéu vuong géc ctia B len OD nhu Hinh

1.6. Goi
a=(d, )= AOB,
B8=(@, 5 +7)=(a,d)=A0D,
y=(d,7)=A40C,
5= (v, d)=BOD,
6= (2, d)=COD.

]

Hinh 1.6:
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_> — o N
Khi d6, (b, @) = BOC = § + 0 = v — a va déng thitc can chimg minh tuong
duong véi

OD cos f = OB cosa + OC cosy
OD cos sindsinf = OB cosasindsinf + OC cosy sin § sin ¢

BE cos 3(cosd sinf + sin 6 cos §) = BE(cos asin @ + cosysin 0)
cos 3(cos 0 sin @ + sin 0 cos f) = cos asin § + cos -y sin 0

cos sin(d 4 0) = cos asin @ + cos ysin §

cos fsin(y — a) = cos asin(y — ) + cosysin(f — «).

teoeO

Bang tinh toan truc tiép, dang thic cudi ciing la ding. O

Vi dy 1.1.23. Cho tam gidc ABC c6 AB =3, BC = 4 va géc ABC = 60°. Hay
tinh BA - BC va BC - CA.

Giai.

Ta c6 B—1>4 . B? = AB.BC cos 60" = 6.

Ap dung dinh i cosin cho tam giac A@\C’, ta tinh dugc CA = +/13. Lai ap dung
dinh 1i cosin cho tam giac ABC tai gbc C, ta dugc

BC? 4+ AC® — AB*

BC.CAcosC = 5

10.

—

Do d6, BC - CA = BC.CAcos(n — C) = —BC.CAcos C = —10.

1.2 Muc tiéu affine trong mit phang

1.2.1 Muc tiéu affine-Toa do

Dinh nghia 1.2.1. Trong mit phing, chon mot diém O va hai vecto khong cong

P C a1~ - e . . <
tuyén ¢ va j . Khi do, bo ba (O; i, j ) dugc goi 1a mot muc tiéu affine, hay con
goi la hé toa do affine.

« . P ., - N , ) . .

Cap hai vecto co thi tu { i, 7 } goi la co sd vecto ctia hé toa do.

Ta cling ki hiéu muc tiéu doé 1a Oxy, \L(;i Oz, Oy la cac dudng thang di qua O
va ¢6 vecto chi phuong lan lugt 1& ¢ va j .

Diém O dugc goi 1a goc toa do, cac dusng thang Oz va Oy goi la cdc truc toa
do , Ox 1a truc hoanh va Oy 1a truc tung (xem Hinh 1.7).

Toa do cua vecto

, - — )
Dinh nghia 1.2.2. Xét mét phang v6i muc tiéu affine (O; i, 7). Mot Vectgﬁ bg‘g
ki ctia mit phang duge phan tich mot cach duy nhat theo hai vecto co s6 i va J

. sz 2, N - S - £ ﬁ R
(xem Dinh Ii 1.1.14), tic 13 ¢6 duy nhat cip s6 thuc (z,y) sao cho W =z i +y 7 .
Khi do, cap s6 thuc (z,y) duge goi 1a toa do cla vecto 2 d6i v6i muc tieu da cho
va ki hiéu 7‘(07 7 = (x,y).

OF cosBsindsinf + ED cos fsindsinf = OB cosasindsinf 4+ OC cos ysin d sin ¢
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Hinh 1.7: Muc tiéu affine trong mit phéng.

C6 thé viét 1a W = (z,y) néu khong s¢ nham 1an vé& muc tieu. Ta c6

7=(3:,y)<:>7=x?+y7.

Ta c6 két qua sau day.

Ménh dé 1.2.3. (i) Hai vecto bing nhau khi va chi khi toa do ciia chiing bing
nhau.
(ii) Néu U = (517173/1)»7 = (22,92) va k € R thi U+ = (z1+ 22,91 +¥y2) va
K = (kxy, ky).
P - =g « < o
(iii) Néu U = (x1,y1) # 0 wva U = (x2,y2) # 0 cong tuyeén thi cac toa do cia
ching ti lé.

Chiing minh. (i) Xét hai vecto U va V. Gia st 7‘(07 2 = (z1,11) va
V77 = (@2,52). Khi d6, ta c6
- = - =
7:351@ +y1]77=$22 +y2 7.
Do do,

U=
& T11 Y1) =x2t + Yo
— = =
& (r1—x2) 1 + (Y1 —y2) J

=0
N 1 = T2
= Y2

—
J

Céac chiing minh cta (ii) va (iii) 1d hoan toan tuong tu va xem nhu bai tap. [

Toa d6 cha diém

Dinh nghia 1.2.4. Trén mat phiang véi muc tiéu affine Ozy, v6i moi diém M bat
ki clia mat phang, toa do ctia vecto OM dudc goi la toa do cia diem M déi véi
muc tiéu da cho va ki hieu M(z,y) hay M = (x,y).

Néu M(x1,y1), N(x2,y2) thi

MN:ON—OM: (xg—:cl,yg—yl).
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1.2.2 Déi muc tiéu affine

’

Cho hai muc tiéu affine (O,%,?) va (051 ,7) Gia st diem M c6 toa do
/

i
- 5
(z,y) dbi véi muc tieu (O; i, j ), ¢6 toa do (2,
%
)

Va gia st do6i véi muc tieu (O; i

O'(a0,by), 7 = (arsbn), J = (as, ba),

tuc la
— —
7 = a1i+blj,
. — —
7 - a27/+b2]7
— — —
00" = api +byj.

Ay S

) —
Theo gia thiét, ta c6 OM =z i +yj, OM =2"1i ’ﬁ . Suy ra

- o - >

OM = 2'i +Z/7_l’/(all +b1j)+y(azi +byj)
— ’ N
= (a1’ +azy') 1 + (b1’ + boy/) j

s —

Mat khéc, O’M OM — 00" = (x — ao) + (y — b0)7, suy ra

alx —f—agy =T — Q
biz’ +bay' =y — bo

hay
= aax + avy) + ag
y—blx +b2y + bg.

Khi do, ta c6 ma tran
_ (a1 a2
A= <b1 b2> ’
dugc goi 1a ma tran cia phép doi muc tiéu (1.1)*. D& thay det A # 0.
Cong thiic (1.1) duge goi 1a cong thic doi muc tiéu affine.

y') d6i v6i muc tieu (O

7.7).

diém O’ va cac vecto 7 7 c6 toa do la

Néu det A > 0 thi hai hé toa do da cho dudc goi 1a cung hudng; ngudce lai, dude

goi la nguoc huong.

Dé thay, tinh chat ciing huéng 1a mot quan hé tuong duong trén tap tat ca cac
muc tieu affine trén mat phang. Tap hop cac muc tiéu affine trong mat phang duge
chia thanh hai 16p tuong duong. Néu qui uéc goi cac muc tieu thuoc mot 16p 1a
muc tieu thuan (hay cé hudng thuan) thi cac muc tiéu thuoc 16p con lai goi la muc
tiéu nghich (hay cé hudng nghich). Khi d6, mat phang dudc goi 1a mdat phdang dinh
hwdng. Ta thuong lay muc tiéu thuan 1a muc tiéu c6 s6 do ciia géc dinh hudng giita

hai vecto ¢ va j la duong; ngugc lai, la muc tiéu nghich.

4Cong thiic (1.1) ¢6 thé viét dudi dang ma tran nhu sau

Sl ] el
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ﬁ
J
Hinh 1.8: (a) Muc tiéu affine thuan, (b) Muc tiéu affine nghich.

Vi du 1.2.5. (1) Trong mat phang, hdy viét cong thitc doi muc tiéu tit muc tiéu
R = §
(O; i, j ) sang muc tiéu (O'; i

. J biét
- =
7 = 1 — .ja
e =
i §&F27,
s - =
00 = 2i —j.
Giai.
) ) - —
Theo gi& thiét, ta c6 toa do ciua O, 7 VA 7 d6i v6i muc tieu (O; ¢, 7)) lan

lugt 1a (2, —1), (1, —1) va (0, —2).
Do d6, cong thitc déi muc tieu can tim 1a

r=u1+2
y=—a' -2y — 1.

. —
(2) Trong mat phang v6i muc tiéu affine da chon, cho O(1,1),0'(0,1) va i =
(1L1), T =(1,2), 7 =2 -1)va J = (1,-1),
o =
(a) Chitng minh rang (O; 7, 5 ) va (O'; 7, 7) 14 hai muc tiéu.
(b) Hay viét cong thitc doi muc tieu tir (O; ?, ?) sang (O'; 7, ?)
(c¢) Hai muc tiéu trén c¢6 cuing huéng khong? N
(d) Hay tim diém N va toa do clia N ddi véi muc tieu (O; i, j ) khi biét
N 7y= (L1
(e) Hay tim nhitng diém c6 ciing toa do ddi v6i hai muc tieu trén.
Giai.
(a) Xét he vecto { i j }. Ta c6
- =
xt +yj =0
< z(1,1)4+y(1,2) = (0,0)
r+y=20
=y =0.
{x +2y =0 cr=y
Suy ra 7 ? doc lap tuyén tinh. Vay, (O; i 7 ] ) la muc tiéu.
Lap luan tuong tu, ta cing ching minh duge (O ﬁ, 7) muc tiéu.
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—
(b) Ta ¢c6 OO" = (—1,0).

Xét
—
00 =27 +y7
o r+y=-—1 o lT= -2
r+2y=0 y=1
/ — ( —
Suy ra O 077" (—2,1).
Lap luan tuong tu, ta co
7 _
“lo2.7)= (6.9
—
o3 =6-2)

Do dé, cong thiic doi muc tieu can tim la

x=bx'+3y —2
y=—3x" — 2y + 1.

(c) Ma tran ctia phép doi muc tiéu la
5> 3
A=(2 2)

Do det A = —1 < 0 nén hai muc tiéu da cho ngugc huéng.
(d) Goi N(a,b). Theo gia thiét N‘(O/? 7= (—1,1), suy ra

ON=—4 +7 =(=1,0).

—
Do d6, O'N = (a,b—1) = (—1,0) hay

Ciing theo gia thiet N‘(O’;?,?)
doi muc tiéu, ta dudge r = —4,y = 2. Do do, N’(O? 2y = (—4,2).

(e) Nhitng diém M can tim c6 toa do do6i v6i hai muc tiéu trén 1a nghiem hé

2 =5x"+3y —2 =1
y = -

= (—1,1), ta thay '’ = —1,¢y’ = 1 vao cong thiic

3¢ — 2/ +1 |y = —2/3.

- 2—
1

. — .
Do d6, diem M‘(O? %) = (1,—2/3) hay OM = i — = j. Suy ra diem thoéa yéu
).

cau bai toan la M(4/3,2/3) (xem cau (d)



